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Abstract
The Nambu-Goldstone (NG) boson properties in the nuclear medium are investigated by considering
the wavefunction renormalization as a first step to reveal the in-medium properties of the NG boson
in the context of partial restoration of chiral symmetry. We focus on the π meson and the K meson
as examples of NG bosons.
Firstly, we study the role of the wavefunction renormalization to the P -wave pion-nucleus interac-
tion in nuclear medium. The wavefunction renormalization is known to be important for the S-wave
pion-nucleus interaction. We would like to reveal what kinds of effect of the wavefunction renormal-
ization to the pion-nucleus P -wave interaction. We construct the self-energy in the linear density
approximation based on the πN scattering amplitude. By using the constructed the self-energy, we
reveal the effect of the wavefunction renormalization to the P -wave pion-nucleus interaction. As a
result, the P -wave interaction is enhanced by about 50% at the saturation density due to the wavefunc-
tion renormalization. It indicates that the effect of the wavefunction renormalization to the P -wave
interaction is sufficiently large. However, by incorporating the wavefunction renormalization to the
P -wave interaction, the difference between our potential and the phenomenological potential becomes
large. It suggests that other in-medium effects should be incorporated into the self-energy to reproduce
the phenomenological optical potential.
Secondly, we study the role of the wavefunction renormalization to the kaon in nuclear medium.
We construct the self-energy with the Fermi motion based on the KN scattering amplitude. By using
the self-energy, we calculate the wavefunction renormalization. As a result, the in-medium self-energy
is enhanced by several percent at the saturation density due to the wavefunction renormalization. It
indicates that the wavefunction renormalization explains a part of the enhanced KN interaction in
nuclear medium. However, it is necessary to improve the self-energy by incorporating higher order
density corrections to describe the in-medium kaon more precisely.
Through the studies of pion and kaon in nuclear medium, we find that the wavefunction renormal-
ization could be one of the important medium effects. This study can be a first step to describe the
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The strong interaction is described by Quantum Chromodynamics (QCD) which is the color SU(3)
gauge theory of quarks and gluons. The running coupling constant of QCD, which is a coupling
strength among quarks and gluons, depends on energy scale. Therefore, QCD shows different feature
in different energy scale. In the high-energy region (short distance), the coupling constant is small
enough due to the asymptotic freedom, the dynamics among quarks and gluons can be understood
by perturbative calculations. In the low-energy region (long distance), since the coupling constant
become stronger, quarks and gluons are confined in a hadron, which is known as a phenomenon called
the color confinement. In this scale, the fundamental degrees of freedom are hadrons composed of
quarks and gluons. Hadrons are classified into meson and baryon. The meson is composed of quark-
antiquark pair such as π, K and η. The baryon is composed of three quarks such as proton and
neutron. In spite of the strong interaction is known to be described by the QCD Lagrangian in a
simple form, the hadron dynamics in the low-energy QCD shows various phenomena accompanied by
color confinement and spontaneous breaking of chiral symmetry. In this thesis, we mainly focus on
the hadron phenomena related to the spontaneous breaking of chiral symmetry.
In the low-energy region, chiral symmetry is important. The QCD Lagrangian has exact chiral
symmetry of SU(3)L× SU(3)R in the chiral limit. In the real world, current quark mass is given by
Higgs mechanism. It is known that up and down quarks have mass about 10 MeV, while strange quark
has mass about 100 MeV. Since these current quark masses are small compared to the typical hadron
energy scale 1 GeV, the QCD Lagrangian is considered to have approximate chiral symmetry. While
QCD Lagrangian has approximate chiral symmetry, it is believed that chiral symmetry of the QCD
vacuum is partially lost by spontaneous breaking of chiral symmetry. If a symmetry of the Hamiltonian
in not realized in the vacuum, it is said that a symmetry is spontaneously broken. The symmetry of
vacuum is spontaneously broken by choosing a certain point as the vacuum. One of the realizations of
spontaneous breaking of chiral symmetry is considered to be observed in the hadron spectrum. The
SU(3)L×SU(3)R symmetry is equivalently written as the symmetry under the vector and axial-vector
transformations, which are good quantity in physics. If the QCD vacuum has the chiral symmetry, the
chiral symmetry of the Lagrangian should be realized in the experimental hadron spectra. However,
the observed hadron spectra do not reflect the symmetry under the axial-vector transformation in the
QCD Lagrangian. In other word, the parity degeneracy of the parity partners is not realized in the
experimental hadron spectra. On the other hand, the observed hadron spectra reflect the symmetry
under the vector transformation in the QCD Lagrangian, namely the approximate flavor symmetry is
realized in the experimental hadron spectra. The symmetry of the QCD Lagrangian and the observed
hadron spectra imply that chiral symmetry of the QCD Lagrangian is partially lost in the vacuum
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which has only vector symmetry. This is one of the evidences that chiral symmetry in the vacuum
is spontaneously broken. What we mentioned in the above is considered to be the phenomena in a
world where chiral symmetry is spontaneously broken. The spontaneous breaking of chiral symmetry
is believed by physicists, however, there is no enough experimental evidence to conclude that the
mechanism is true. For this purpose, it is necessary to restore the chiral symmetry and check whether
the expected phenomena appear or not.
How to make chiral symmetry restored ? The spontaneous breaking of chiral symmetry is consid-
ered to be a phase transition phenomena of the QCD vacuum. Therefore, by changing the temperature
and/or density of the system, chiral symmetry might be restored. The quark condensate ⟨q̄q⟩ is con-
sidered to be one of the order parameters that characterize the magnitude of chiral symmetry breaking
in the QCD vacuum. Thus, the quark condensate considered to be the function of temperature and/or
density. In the symmetry broken vacuum, the quark condensate takes non-zero value ⟨q̄q⟩ ̸= 0. At
high temperature and/or density, the magnitude of the quark condensate is considered to be decreased
and close to non-zero value ⟨q̄q⟩ = 0. Especially, in the zero temperature and finite density system
such as atomic nuclei, chiral symmetry is partially (incompletely) restored and the magnitude of quark
condensate is sufficiently reduced. We consider that partial restoration of chiral symmetry is more
easily accessible situation than the complete restoration of chiral symmetry at the extreme condition
to prove spontaneous breaking of chiral symmetry. The situation that chiral symmetry is partially re-
stored in nuclear medium is main theme of this thesis. To study partial restoration of chiral symmetry,
one studies the nucleon density dependence of the quark condensate. However, the quark condensate
is not a direct observable quantity. Therefore, one should extract the information of non-observable
quark condensate from the experimentally observable quantity such as hadron-nucleus system. For
this purpose, hadron such as Nambu-Goldstone (NG) boson in nuclear medium is considered. Since,
NG bosons appear as a result of spontaneous breaking of chiral symmetry, we can use as a sensitive
probe of symmetry restoration. Using NG-boson nucleus system and comparing in-medium and in-
vacuum NG boson properties, one may prove the reduction of the magnitude of quark condensate in
medium.
The study of the partial restoration of chiral symmetry have been carried out especially for pion in
the nucleus. From the observations of the deeply bound pionic atom [1] and low-energy pion-nucleus
elastic scattering [2] taking into accounts the theoretical considerations [3, 4], chiral symmetry is
considered to be restored about 40 % at the saturation density. It is also necessary to do systematic
studies for other systems and we need to confirm consistency of partial restoration of chiral symmetry
in other systems than pion-nucleus system.
The research of partial restoration of chiral symmetry has two ways. For theoretical aspect,
how to extract the density dependence of the quark condensate from experimental data is studied.
For phenomenological aspect, the phenomena which are expected from partial restoration of chiral
symmetry is studied, which is the main theme of this thesis. The expected changes of hadron properties
induced by partial restoration of chiral symmetry [7] are as follows. First of all, the mass difference
of parity partners, such as π-σ, ρ-a1 and N -N
∗, is expected to be decreased. These parity partners
should be degenerated when chiral symmetry of QCD vacuum is completely restored. Second of all,
the reduction of the hadron mass which is generated by spontaneous breaking of chiral symmetry
is expected. For example, nucleon mass is expected to be reduced by partial restoration of chiral
symmetry. Finally, the wavefunction renormalization for NG bosons is expected. The wavefunction
renormalization gives enhanced NG-boson nucleon interaction in nuclear medium. Although there are
various changes for hadron induced by partial restoration of chiral symmetry, we concentrate on the
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wavefunction renormalization for NG bosons.
The normalization of the NG-boson kinetic term is modified in the nuclear medium when the
self-energy has energy dependence. In order to normalize the kinetic term properly, it is necessary to
redefine the wavefunction of NG boson. We call this redefinition as the wavefunction renormalization.
Since the wavefunction is changed in the nuclear medium, the self-energy, namely in-medium interac-
tion, is modified. The wavefunction renormalization should be taken into account, if the self-energy
has energy-dependence. The self-energy for the NG boson is expected to have substantial energy
dependence, because, according to the chiral effective theory, the amplitude is written in terms of the
derivative expansion of the NG boson field. Thus, we expect that the wavefunction renormalization
plays a crucial role as one of the leading-order corrections to the in-medium NG boson. As mentioned
in the above, the wavefunction renormalization is closely connected to partial restoration of chiral
symmetry [3, 4, 5], which provides one of the fundamental interpretations of the in-medium properties
of hadron. In the low-energy effective theory of QCD (chiral perturbation theory), the NG boson field
is introduced as a parametrization of the coset space of the broken symmetry, and thus should be
normalized by a dimensional quantity because the physical boson field has mass dimension while the
field parametrizing the coset space is dimensionless. Once partial restoration of chiral symmetry takes
places in nuclear matter by reduction of the chiral order parameters, it changes the energy scale of
the vacuum and renormalizes the NG boson field. It should be emphasized that studying various NG
bosons (π, K, η) is important in the context of systematics. By studying various NG bosons, we can
confirm that whether in-medium properties of NG boson can be understood by partial restoration of
chiral symmetry as unified scenario. We focus on two NG bosons, pion and kaon, in nuclear medium.
This study can be a first step to describe the in-medium NG boson property by more systematic
approaches, such as in-medium chiral perturbation theory.
In order to study pion in nuclear medium, the pionic atom [8, 9, 10] can be used. The pionic atom
is a system where negatively charged pion is bound to the nucleus by Coulomb force. The in-medium
properties of pion can be studied through the optical potential (self energy) [6]. The optical potential
has parameters which are to be determined to reproduce the experimental data of binding energy and
absorption width. In the previous studies, the effect of the wavefunction renormalization to the S-
wave term of the optical potential is studied and the importance of the wavefunction renormalization
to the S-wave term is known [3, 4]. In the next step, it is important to check what kinds of effects
of the wavefunction renormalization other than S-wave term of the pion-nucleus optical potential.
For this purpose, we study the role of the wavefunction renormalization to the P -wave term of the
pion-nucleus interaction. We construct the optical potential in the most simple Tρ form based on
πN elastic scattering amplitude from chiral perturbation theory up to the next-to-leading order. We
incorporate the effect of the wavefunction renormalization to the constructed optical potential. By
carrying out the partial-wave expansion of the optical potential, we reveal the effect of the wavefunction
renormalization to the P -wave term optical potential.
In order to study kaon in nuclear medium, theK+-nucleus scattering [11] is used. As the properties
expected from the KN interaction in vacuum, it is known that the K+ mean free path in the nuclear
medium is as long as typical nuclear size. Therefore, since K+ interacts with each nucleons in nucleus,
linear density approximation Tρ is expected. However, it is known that the linear density approxima-
tion is not valid from K+-nucleus scattering experimental data and the K+N interaction is repulsively
enhanced in nuclear medium [12, 13, 14, 15]. To understand such unexpected phenomena, we con-
sider the wavefunction renormalization as one of the in-medium effects. We construct K+-nucleus
optical potential incorporating the nucleon’s Fermi motion based on the KN scattering amplitude
4 CHAPTER 1. INTRODUCTION
calculated by chiral perturbation theory and unitarization. Using constructed optical potential, we
study K+-nucleus interaction from the view point of the wavefunction renormalization.
This thesis is organized as follows. Chapters 2 to 5 are the review part of this thesis. In Ch. 2,
we show the QCD Lagrangian which is the fundamental theory of the strong interaction. We discuss
the especially important symmetries, namely gauge and chiral symmetries. In Ch. 3, we discuss the
spontaneous breaking of chiral symmetry. In Ch. 4, we discuss how to describe the NG boson in nuclear
medium. The previous studies of the in-medium pion and in-medium kaon are briefly reviewed with
emphasis on the wavefunction renormalization. In Ch. 5, we summarize how to construct two-body
NG-boson nucleon scattering as the elementary process of NG-boson nucleus interaction. Chapters 6
and 7 are main results of this thesis. Chapter 6 is devoted to in-medium pion. Capter 7 is devoted to
in-medium kaon. Finally, we conclude this thesis in Ch. 8.
Chapter 2
Symmetries of QCD
Quantum Chromodynamics (QCD) is an established theory of the strong interaction based on color SU(3)
gauge symmetry. In this chapter, we summarize the symmetries of the QCD Lagrangian. We show
important two types of symmetries, namely gauge symmetry and chiral symmetry. We also show
the Noether’s theorem which shows the relation between continuous symmetries of a system and
conservation law.
2.1 Gauge symmetry
QCD is the theory of the strong interaction based on color SU(3) gauge symmetry. The matter fields
of QCD are quarks of spin 1/2 fermion having six flavors (u, d, s, c, b, t) with three color degrees of
freedom in each flavor. The QCD Lagrangian can be obtained by imposing SU(3) gauge invariance












where the subscripts of α, f and A stand for the subscripts of Dirac spinor, flavor and color, re-






The SU(3) gauge transformation to quark field of each flavor is introduced by









qf (x) ≡ U(x)qf (x), (2.3)
where λa represents Gell-Mann matrices acting on color space and θa(x) is arbitrary real parameter
depending on time-space coordinate xµ. Equation (2.3) implies
q†f (x) → q
′ †




Since Gell-Mann matrices are Hermitian λa = λ
†
a, the gauge transformation satisfies unitary condition
U †(x) = U−1(x). Now, we want to make Lagrangian (2.1) invariant under the transformation of
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Eqs. (2.3) and (2.4). The mass term in Eq. (2.1) is invariant under the gauge transformation. On
the other hand, since the kinetic term contains partial derivative acting on quark fields, the kinetic
term is not invariant under the gauge transformation. In order to make kinetic-term invariant, we
introduce covariant derivative Dµ instead of normal derivative ∂µ. Then, we introduce a new degree
of freedom Aµ interpreted as the gauge field to eliminate extra terms from partial derivative as









where Aµ is the gluon field and g is the strong interaction coupling constant. Since only one strong
coupling constant appears as seen in Eqs. (2.5) and (2.6), the strong interaction is independent of the
quark flavor. Using these replacement, the covariant derivative transforms as
Dµqf → (Dµqf )′ = D′µq′f = UDµqf (2.7)
making kinetic-term invariant under the gauge transformation. Thus, we determine the interaction




q̄f (i /D −mf ) qf . (2.8)
Next, we determine the gauge field self-interaction from the gauge invariance. We introduce the
field-strength tensor as
Fµν = DµAν −DνAµ (2.9)
or equivalently
Faµν = ∂µAaν − ∂νAaµ − gfabcAbµAcν , (2.10)
where Faµν is defined by Fµν = Faµνλ












with normalization of Gell-Mann matrices Tr(λaλb) = 2δab. Considering Eq. (2.6), the field strength
of Eq. (2.11) is transformed as
Fµν → F ′µν = UFµνU †. (2.12)




















In the strong interaction, the quark flavors are only distinguished by quark masses. The quark flavors
can be classified into the two sectors by the typical energy scale of the strong interaction 1 GeV. We
separate six types of quarks into the light quarks (u, d, s) and the heavy quarks (c, b, t). It is known
that the physics of the light quark sector and the heavy quark sector are different from each other,
due to the difference of their own symmetry. Through out this thesis, we focus on the physics of the
light quark sector. For the light quark sector, chiral symmetry of the QCD Lagrangian is important.
We discuss about chiral symmetry in the next section.
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2.2 Chiral symmetry
In the previous section, we discuss the invariance under the gauge (local) transformation. In this
sections, we discuss the invariance under the global transformation called chiral symmetry. In order







where ξ(x) and ζ(x) are 2-component wavefunctions. Equation (2.15) is the eigenstate of the fifth
component of the gamma matrix in chiral representation written as


















with the Pauli matrix σj (j = 1, 2, 3). From Eq. (2.16), the wavefunctions ξ and ζ of Eq. (2.15) are
eigenstate of γ5 as
γ5ψR = +ψR, γ













which are called as chiral spinors. The eigenvalue of γ5 is called chirality. We define chirality +1 as
right-handed spinor ψR and chirality −1 as left-handed spinor ψL.









where subscripts R and L refer to the right-handed and left-handed, respectively. The projection
operators satisfy following properties of completeness relation
PR + PL = 1, (2.21)
idempotent
(PR)
2 = PR, (PL)
2 = PL (2.22)
and the orthogonality relations
PRPL = PLPR = 0. (2.23)
By using the projection operators, 4-component wavefunction is decomposed into the right-handed
and left-handed spinors as
PRψ = ψR, PLψ = ψL (2.24)
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The Hermite conjugates are given by
ψ̄R = ψ
†PRγ0 = ψ̄PL, ψ̄L = ψ
†PLγ0 = ψ̄PR (2.25)
using γ5 = γ
†
5 and {γ5, γµ} = 0.
Using these relations, we decompose the QCD Lagrangian into the right-handed and left-handed
spinors. The decomposed kinetic term is given by
ψ̄γµψ = ψ̄γµ (PR + PL)ψ = ψ̄Rγ
µψR + ψ̄Lγ
µψL. (2.26)
Similarly, the decomposed mass term is given by
ψ̄ψ = ψ̄LψR + ψ̄RψL. (2.27)














In the kinetic term, the right-handed and left-handed quarks are separated in each term. On the other
hand, in the mass term, the right-handed and left-handed quarks are mixed in each term. Therefore,
if we take the chiral limit mf → 0, the QCD Lagrangian is invariant under the global transformation




















qR = URqR, UR ∈ SU(3)R, (2.30)
where θL and θR are arbitrary real parameters. The invariance under the transformations of Eqs. (2.29)
and (2.30) is called chiral symmetry of group SU(3)L × SU(3)R. In the chiral limit, chiral symmetry
of the QCD Lagrangian is the exact symmetry. However, in the real world, since current quarks
have mass given by the Higgs mechanism, chiral symmetry of the QCD Lagrangian is not the exact
symmetry. However, since current quark masses of mu,d ∼ 10 MeV and ms ∼ 100 MeV are smaller
than typical QCD energy scale 1 GeV, we can regard the QCD Lagrangian with current quark masses
as having approximate chiral symmetry.
2.3 Noether’s theorem
Firstly, we derive the Noether’s theorem. We assume n-component scalar fields of ϕ(x) = (ϕ1, ϕ2, · · · , ϕn)t.
We carry out a transformation independent of space-time as
ϕ(x) → ϕ′(x) = Uϕ(x) (2.31)
with
U = exp (iαaT
a) , (2.32)
where αa and Ta are the real parameter and the generator, respectively. The infinitesimal transfor-
mation is given by
δϕi = ϕ
′
i(x)− ϕi(x) = iαaT aijϕj(x). (2.33)
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The infinitesimal transformation of general Lagrangian written by L(ϕ, ∂µϕ) is given by






δ(∂µϕi) + · · · (2.34)
Since the transformation does not depend on the space-time, we can write the change of the field
derivative is written as derivative of the change of field given by δ(∂µϕi) = ∂µδϕi. The change of the
Lagrangian is given by























If the Lagrangian is invariant under the transformation of Eq. (2.31), namely δL = 0, the Noether’s
current Nµa is conserved at the condition of the Euler-Lagrange equation holds as
∂µN
µ





T aijϕj . (2.36)
















d3x∇⃗ · N⃗ = −
∫
S
dS⃗ · N⃗a = 0 (2.38)
using N⃗a → 0 as |x| → ∞ at the last equality. In this way, the Noether’s theorem indicates the
relation between symmetry under a continuous transformation of a system and conservation law.
Equation (2.35) can also be used when the Lagrangian does not invariant. We consider the Lagrangian
given by
L = L0 + L1, (2.39)
where L0 is symmetric under the transformation of Eq. (2.31) while L1 is not symmetric under this
transformation. By using Eqs. (2.35) and (2.39) at the point where the Euler-Lagrange equation holds,
we get
δL = δL1 = ∂µnµa , (2.40)
where nµa is not conserved current.
In the following, we consider the Noether’s current of the QCD Lagrangian with respect to chiral
symmetry. In the case of the chiral limit of the QCD Lagrangian of Eq. (2.14), we can obtain the














a = 0, (2.42)
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where Lµa and R
µ
a are the currents associated with the transformations under left-handed and right-
handed quarks, respectively. The corresponding charges of the currents Lµa and R
µ













These conserved charges satisfy SU(3)L × SU(3)R algebra as
[QLa, QLb] = ifabcQLc, (2.45)
[QRa, QRb] = ifabcQRc, (2.46)
[QRa, QLb] = 0. (2.47)
Chiral transformation of Eqs. (2.29) and (2.30) can be equivalently rewritten as the vector and
axial-vector transformations which are more convenient form in physics The vector transformation
gives the same angle transformation with respect to the left and right-handed fields θV = θR = θL




















q = UAq. (2.49)
The conserved currents are given by










a = 0, (2.50)
Aµa = R
µ





a = 0. (2.51)









Using Eqs. (2.45) to (2.47), the commutation relations of QaV and Q
a
A are given by
[QV a, QV b] = ifabcQV c, (2.53)
[QAa, QAb] = ifabcQV c, (2.54)
[QV a, QAb] = ifabcQAc. (2.55)
For the vector charge, the commutation relation is closed in the algebra. On the other hand, the
axial-vector charge does not constitute the closed algebra, thus, the axial-vector transformation is not
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So far, we consider the QCD Lagrangian in the situation of the chiral limit. Next, we consider
the situation that the QCD Lagrangian has a finite current quark masses given by mass matrix
M =diag(m̂, m̂,ms) with m̂ = (mu +md)/2. The change of the QCD Lagrangian under the vector
transformation is given by





















In the last equality, we ignore the second order term of θaV . Using Eq. (2.40), the divergence of the










In the limit of flavor symmetry, namely M = m̂diag(1, 1, 1), the vector current of Eq. (2.59) is
conserved. The change of the QCD Lagrangian under the axial-vector transformation is given by





















where we use the relation U †Aγ
0 = γ0UA in the second equality and we ignore the second order term










Equation (2.61) is called partially conserved axial vector current (PCAC). If we assume that the
current quark masses m̂ and ms are small compared to the typical hadron energy scale 1 GeV, we can
regard the axial-vector current is partially (approximately) conserved.

Chapter 3
Spontaneous breaking of chiral
symmetry
We showed that the QCD Lagrangian has approximate chiral symmetry in the previous section. If the
chiral symmetry is spontaneously broken, chiral symmetry of the QCD Lagrangian is partially lost
in the QCD vacuum. The quark condensate ⟨q̄q⟩ is one of the order parameters that characterizes
chiral symmetry breaking. Accompanied by a finite value quark condensate, there appears pseudo-
scalar mesons corresponding to the number of broken generators following by the Nambu-Goldstone
theorem. These pseudo-scalar mesons are so called Nambu-Goldstone (NG) bosons, such as π, K
and η.
3.1 Spontaneous breaking of chiral symmetry
We assume Nf = 2 and take the chiral limit mf → 0 for simplicity. In this case, we denote the QCD































Since the Hamiltonian is symmetric under the vector transformation UV and the axial-vector trans-
formation UA, these symmetries are expected to be realized in the hadron energy eigenvalues. (If the
Hamiltonian is symmetric under the unitary transformation, the energy eigenvalues are degenerated
within the irreducible representation of the group of the unitary transformation.) In the experimental
hadron spectrum, the symmetry under the vector transformation (isospin symmetry) is approximately
realized, such as mp = 938 MeV and mn = 939 MeV for I =
1
2 . On the other hand, the symme-
try under the axial-vector transformation is not realized, such as ma1 = 1260 MeV for J
P = 1+
and mρ = 770 MeV for J
P = 1−. In other word, degeneracy between positive and negative parity
states are not realized. In summary, the QCD Hamiltonian symmetry SU(2)L×SU(2)R is partially
lost in vacuum and symmetry under the vector transformation is only realized. This is what we call
spontaneous breaking of chiral symmetry SU(2)L×SU(2)R →SU(2)V .
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3.2 Quark condensate
In this section, we show that the quark condensate ⟨q̄q⟩ characterize whether the chiral symmetry







∣∣∣T [Aaµ(x)P b(0)] ∣∣∣ 0⟩ . (3.4)
with the axial-vector current Aaµ(x) and pseudo-scalar field P
b(x) = iq̄γ5σ
aq. The time-ordered
operator is defined by
T [A(x)B(x)] = θ(x0 − y0)A(x)B(y) + θ(y0 − x0)B(y)A(x). (3.5)



















This identity is called Ward identity. In the second equality, we use the current conservation ∂µAaµ = 0
















∣∣∣ [Aaµ=0(x0 = 0, x⃗), P b(0)] ∣∣∣ 0⟩ . (3.8)











∣∣∣ [QaA, P b(0)] ∣∣∣ 0⟩ (3.9)









Πab(q) = −iδab ⟨q̄q⟩ . (3.11)
We call ⟨q̄q⟩ as quark condensate. As seen in Sec. 2.2, q̄q can be written as q̄LqR + q̄RqL. Therefore,
in the trivial-vacuum which has chiral symmetry, we always get ⟨q̄q⟩ = 0. On the other hand, if we
assume non-trivial vacuum which does not have the full chiral symmetry, we get finite value quark
condensate as ⟨q̄q⟩ ̸= 0.
It is considered that the spontaneous breaking of chiral symmetry is a phase transition phenom-
ena. Thus, the quark condensate can be one of the order parameters of the spontaneous breaking of
chiral symmetry. If we change the environment of the system, namely temperature and/or density of
the system, the magnitude of the quark condensate considered to be decreased as a function of the
temperature and/or density.
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3.3 Nambu-Goldstone theorem
In the previous section, we showed that the quark condensate which is one of the order-parameters
has a finite value in the spontaneously broken vacuum. In this section and the next section, we show
what conclusion can be drawn when the order-parameter has finite value. Firstly, we show Nambu-
Goldstone theorem. Nambu-Goldstone theorem suggests that there appears massless particles called
Nambu-Goldstone boson corresponding to the number of broken generators, namely axial-charges,
when the chiral symmetry is spontaneously broken.














∣∣∣T [Aaµ(x)P b(0)] ∣∣∣ 0⟩ . (3.12)












n. By inserting com-
pleteness relation, we get⟨
0













∣∣∣P b(0) ∣∣∣n(pn)⟩ ⟨n(pn) ∣∣Aaµ(x) ∣∣ 0⟩]. (3.14)
The axial-vector matrix element with the coupling constant fn is given by⟨
0
∣∣∣Aaµ(x) ∣∣∣πb(p)⟩ = ifnpµe−ipxδab (3.15)
assuming isospin symmetry, space-time translation invariance of vacuum and Lorentz invariance. Sim-
ilarly, the pseudo-scalar matrix element is given by⟨
0
∣∣∣P a(x) ∣∣∣πb(p)⟩ = Zne−ipxδab (3.16)
with coupling constant Zn. If we assume the correlation function is finite, only the states |n(pn)⟩ should
be chosen to have quantum number consistent with pseudo-scalar. Using Eqs (3.15) and (3.16), we
obtain⟨
0












We introduce Fourier integral representation of step function as


















Then, Eq. (3.17) gives⟨
0









p2n −m2n + iϵ
. (3.20)
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q2 −m2n + iϵ
. (3.21)
If we assume mn ̸= 0 in the right hand side of Eq. (3.21), the right hand side becomes zero by taking
the soft limit qµ → 0. In order to make the correlation function finite, it should be mn = 0 with fn ̸= 0
when we take the soft limit qµ → 0. More precisely, when the quark condensate has a finite value,
there exists at least one massless mode such as mn′ and have to be coupled with axial-vector current
with fn′ ̸= 0. This massless mode is so called the Nambu-Goldstone (NG) boson. In reality, although
there are no hadrons with massless mode, the pions are identified as the NG boson which have a
substantially small mass compared to other hadrons. Since chiral symmetry of the QCD Lagrangian
is an approximate symmetry due to the small current quark masses given by the Higgs mechanism, the
pions have a small mass. The number of the NG bosons are corresponding to the number of the broken
generators QaA. For Nf = 2 case, there are three pions of π
± and π0. In the case of Nf = 3, there
appears eight NG bosons corresponding to (π,K, η). The coupling constant fn defined in Eq. (3.15)
is identified as the pion decay constant fπ and always takes a finite value when chiral symmetry is
spontaneously broken. The pseudo-scalar coupling constant Zn defined in Eq. (3.16) is identified with
the pion wavefunction renormalization factor Zπ.
3.4 Gell-Mann-Oakes-Renner relation




Πab(q) = iδabfπZπ. (3.22)
Comparing this equation with Eq. (3.11), we get the Glashow-Weinberg relation [16] as
fπZπ = −⟨q̄q⟩ . (3.23)
Taking derivative of axial-vector matrix element as⟨
0





where we use the on-shell condition in the second equality. From PCAC relation of Eq. (2.61)
∂µAaµ = m̂q̄iγ5σ
aq = m̂P a, (3.25)
we get ⟨
0
∣∣∣ ∂µAaµ(x) ∣∣∣πb(p)⟩ = m̂⟨0 ∣∣∣P a ∣∣∣πb(p)⟩
= m̂Zπe
−ipxδab. (3.26)
Equations (3.24) and (3.26) give
fπM
2
π = m̂Zπ. (3.27)
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Using this equation, we eliminate Zπ from Eq. (3.23) gives
M2πf
2






where the subscript 0 stands for in-vacuum quark condensate. This is so called the Gell-Mann-
Oakes-Renner (GOR) relation [17]. The left hand side of GOR relation is written by experimentally
observables, pion decay constant and pion mass. On the other hand, the right hand side of GOR
relation is written by directly non-observable value from hadron experiment, the current quark mass in
the QCD Lagrangian and the quark condensate in vacuum. The current quark mass is extracted from
theoretical analysis, such as QCD sum rule and lattice QCD. It suggests that the quark condensate
can be extracted from the experimental observation of pion decay constant and pion mass.
It is known that the in-vacuum GOR relation in Eq. (3.28) is also realized in the finite nucleon
















∼Mπ + 3 MeV (3.30)
shows small change from in-vacuum pion mass. The bare quark mass m̂ appears in the QCD La-
grangian which is generated by the Higgs mechanism does not change in the environment considered
here. Thus, important observable to extract ⟨q̄q⟩ρ is the in-medium density-dependent pion decay
constant f∗π(ρ). We can call fπ is also one of the order parameters of spontaneous breaking of chiral
symmetry.
In the next chapter, we discuss in-medium properties of NG bosons in the context of possible
relation to the partial restoration of chiral symmetry.

Chapter 4
Nambu-Goldstone boson in medium
The strong interaction properties of hadrons in the nuclear medium draw attention from various as-
pects. Possible relation between the hadron properties in the nucleus and the partial restoration of
chiral symmetry is especially interested. Since chiral symmetry breaking is a phase transition phenom-
ena, chiral symmetry breaking in vacuum is considered to be partially (incompletely) restored in the
zero temperature and finite nucleon density nucleus, accompanied by the reduction of the magnitude
of the quark condensate. The experimental detection of partial restoration of chiral symmetry in the
nucleus is recent topic of modern hadron physics.
In our study, we concentrate on the change of Nambu-Goldstone (NG) boson properties in medium
induced by partial restoration of chiral symmetry. Since NG bosons appear as a consequence of
spontaneous breaking of chiral symmetry, NG bosons are used as a sensitive probe of symmetry
restoration. Although there are various changes of NG boson properties in medium, we concentrate
on the wavefunction renormalization for NG boson. Since the wavefunction renormalization is the
in-medium effect induced by partial restoration of chiral symmetry, by focusing on the wavefunction
renormalization, we can study in-medium NG boson properties in the context of partial restoration
of chiral symmetry. Due to the wavefunction renormalization, the enhancement of NG-boson nucleon
interaction in nucleus can be expected.
We focus on two kinds of NG bosons, pion and kaon, in medium. In Sec. 4.1, we show the common
topics related to the in-medium NG bosons. In-medium pion can be studied by pionic atom discussed
in Sec. 4.2. In-medium kaon can be studied by kaon-nucleus scattering as discussed in Sec. 4.3.
4.1 General considerations
In this section, we introduce the general framework to describe the NG boson in nuclear medium.
Firstly, in Sec. 4.1.1, we show how to describe the nucleus using a model. In Sec. 4.1.2, we show the
modification of the in-vacuum NG boson propagator in nuclear medium. Finally, in Sec 4.1.3, we show
how to construct the self-energy in nuclear medium based on two-body NG-boson nucleon interaction
in vacuum.
4.1.1 Description of nuclear medium
The nuclear medium is infinitely distributed nucleons system like nucleus. We use the Fermi gas
model to construct the nuclear medium for simplicity. In the Fermi gas model, the nuclear medium
is described by freely moving nucleons which occupy continuous momentum state in accordance with
the Pauli principle. In the ground state of the nuclear medium, all momentum states are occupied
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Table 4.1: The nuclear density distribution parameters. The symbol A stands for the nucleus mass
number.
cp = cn = 1.18A
1/3 − 0.48 fm
ap = an = 0.5 fm
by nucleons up to the Fermi momentum kF . The number of nucleon N in the volume V is given by























The nucleon density is important parameter that characterizes nucleus. It is known that the nucleon
density at the center of the nucleus is almost constant. The density at the center of the nucleus is
called as the saturation density or the normal nuclear density given by ρ0 = 0.17 fm
−3.
In order to describe a finite size nucleus, the local density approximation can be used. It describes
density distributions of the proton and neutron in a finite nucleus. We introduce the local density




1 + exp [(r − cp,n)/ap,n]
, (4.3)
where ρ0p,n, cp,n and ap,n mean the density at the center of the nucleus, the half-density radius of the
nucleus and the diffuseness parameter, respectively. The parameters used in this thesis are summarized
in Table 4.1.
4.1.2 NG boson propagator in nuclear medium
In the previous section, we have set up the nuclear medium. In this section, we discuss the change of








ω2 − k⃗ 2 −m2
(4.4)
with energy ω, momentum k⃗ and mass m. The poles of the free propagator define the energy spectrum















is the self-energy for the in-medium NG boson. The self-energy describes the inter-
action between the NG boson and nuclear medium. The self-energy is also expressed in terms of the
optical potential Vopt as
2mVopt = Π. (4.6)
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The singularity of the in-medium propagator of Eq. (4.5) gives the dispersion equation of





In this thesis, we want to construct the self-energy based on the two-body NG-boson nucleon
amplitude in vacuum with the important in-medium effect called the wavefunction renormalization.
The way to construct the self-energy is given in the next section.
4.1.3 Model of self-energy
We construct the self-energy (optical potential) which describes the NG-boson nucleus interaction
based on the in-vacuum NG-boson nucleon interaction. The self-energy incorporating the nucleon’s












where TNG,p(n) is the T -matrix of the NG boson and proton (neutron) forward scattering. The
factor 2MN stems from the Dirac spinor normalization ū(p⃗, s)u(p⃗, s
′) = 2MNδss′ with the nucleon





q, respectively. Later, we calculate TNG,p(n) from the low-energy effective theory of QCD (chiral
perturbation theory) in Ch. 5. We carry out the integration with respect to the nucleon momentum
up to the Fermi momentum kpF = (3π
2ρp)
1/3 and knF = (3π
2ρn)
1/3. The factor 2 stands for multiplicity
of the nucleon spin degrees of freedom. The bound nucleons in the nuclear medium are described by
the Thomas-Fermi approximation in which the nucleons are treated as a Fermi gas in a potential




+ vN . (4.9)









TNG,N (k, q), (4.10)
where TNG,N (k, q) is the isospin averaged forward T -matrix and the Fermi momentum is given by
kF = (3π
2ρ/2)1/3. If one neglects the Fermi motion of the nucleons in the nuclear matter, one finds





























The intuitive interpretation of Tρ form is that the NG-boson nucleus interaction is described by the
interaction of each nucleon in the nucleus with T .
As we will see later, in our formulation, we will carry out the partial wave decomposition of the
T -matrix in the center-of-mass frame. The self-energy given in this section, however, is calculated in
the rest frame of the nuclear medium, in which each nucleon has its own Fermi motion. Thus, we
make Lorentz transformation from the K+N center-of-mass frame to the nuclear matter rest frame.
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In order to construct realistic self-energy, it is necessary to incorporate possible in-medium cor-
rections to the self-energy beyond the above discussed the self-energy. For example, in the case of
considering the Fermi motion, it is important to take into the Pauli blocking effects to the intermediate
nucleon in the Born term. In this thesis, we consider the wavefunction renormalization as one of the
important in-medium corrections from the perspective of partial restoration of chiral symmetry. The
physical meaning of the wavefunction renormalization is given in Secs. 4.2.2 and 4.2.3 using the pion
in nuclear medium as example.
4.2 Pion-nucleus interaction
In order to study the pion-nucleus interaction, the pionic atom has been studied for a long time [8, 9,
10]. The pionic atom is a system where negatively charged pion is bound to the nucleus by Coulomb
force. The strong interaction between π− and nucleus is repulsive. Pion is stopped at the point where
the attractive Coulomb force and the repulsive strong force are balanced. Since the orbital radius is
inversely proportional to the pion mass and the atomic number, pion bound by heavy nucleus can
penetrate into the nucleus around the effective nuclear density ρ ≈ 0.6ρ0. Thus, pionic atom can
be used as a powerful system to study in-medium properties of pion from the view point of partial
restoration of chiral symmetry. The interaction between pion and nucleus can be studied through
the optical potential. The optical potential has parameters to be determined from observed binding
energy and absorption width.
In Sec. 4.2.1, the phenomenological optical potential is summarized. In Secs. 4.2.2 and 4.2.3, the
connection between the S-wave potential parameters determined from the pionic atom experiment
and the partial restoration of chiral symmetry with emphasis on the wavefunction renormalization are
discussed.
4.2.1 Pion-nucleus optical potential
We consider the phenomenological optical potential giving the strong interaction called the Ericson-
Ericson type potential [6] composed of the S-wave term VS(r) and the P -wave term VP (r). The
Ericson-Ericson type potential is given by







VP (r) = 4π∇⃗ ·
[





b(r) = ϵ1 {b0ρ(r) + b1[ρn(r)− ρp(r)]} , (4.16)





c(r) + ϵ−12 C0ρ
2(r)
] , (4.18)
where µ is the pion-nucleus reduced mass. The kinematical factors denoted as ϵ1 and ϵ2 are defined
by ϵ1 = 1 +
Mπ
MN
and ϵ2 = 1 +
Mπ
2MN
with the pion mass Mπ and the nucleon mass MN . b(r) is the
linear density term in the S-wave interaction and the parameters of isoscalar term b0 and isovector
term b1 corresponding to the S-wave πN scattering length. c(r) is the linear density term in the
P -wave interaction and the parameters of isoscalar term c0 and isovector term c1 corresponding to the
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Table 4.2: The pion-nucleus optical potential parameters from Ref. [19].
b0 = −0.0283 M−1π b1 = −0.12 M−1π
c0 = 0.223 M
−3
π c1 = 0.25 M
−3
π
B0 = 0.042i M
−4




P -wave πN scattering volume. The Lorentz-Lorentz correction denoted as L(r) describes short-range
correlation in the P -wave and contain the parameter λ. In addition to the pion interaction with one
nucleon described by linear density term, there are the pion interaction with two-nucleon described
by ρ2 term. The ρ2 term has imaginary parameters B0 for S-wave interaction and C0 for P -wave
interaction. The density distribution of proton ρp(r) and neutron ρn(r) are assumed to be the Woods-
Saxon form of Eq. (4.3) and ρ(r) is defined by ρ(r) = ρp(r) + ρn(r). For N = Z symmetric nucleus,
isoscalar terms b0 and c0 are important, because ρn − ρp term vanishes. For N ̸= Z asymmetric
nucleus, isovector terms b1 and c1 also work, because ρn − ρp does not vanish. We show the typical
parameter set determined by χ2 fitting to reproduce the experimental data of pion-nucleus interaction
in Table. 4.2.
4.2.2 Evidence for partial restoration of chiral symmetry
In order to prove the partial restoration of chiral symmetry from experimental facts, the experimental
determination of b1 in Eq. (4.16) is especially important. The in-vacuum Weinberg-Tomozawa rela-















where b∗1(ρ) is the in-medium isovector scattering length at the density ρ determined by the χ
2 fitting
to the experimental data using the pion optical potential and fπ(ρ) is the pion decay constant in the








The pion decay constant is connected to the in-vacuum quark condensate which is one of the order
parameters of chiral symmetry breaking through the GOR relation (3.28). The GOR relation is also
realized in a finite density as seen in Eq. (3.29). The value of bfree1 can be known by pionic hydrogen
experiment. It suggests that if we can determine the value of b∗1(ρ) through the experiment of pion-
nucleus interaction, we can get ⟨q̄q⟩ρ through the relation of Eq. (4.21) as discussed in Ref. [1].
The model-independent relation which connects observable and the quark condensate is derived
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where Z
∗1/2
π is the wavefunction renormalization in nuclear medium written by




with γ ≃ 0.184 calculated from the πN scattering amplitude in vacuum. The experimental data
bfree1 /b
∗
1 = 0.79 ± 0.05 at the effective density ρ ≈ 0.6ρ0 given by the deeply bound pionic atom [1].
The ratio of the quark condensate is given by ⟨q̄q⟩ρ / ⟨q̄q⟩0 ≃ 1 − 0.37ρ/ρ0. In the same way, the
ratio of the quark condensate is evaluated using the bfree1 /b
∗
1 = 0.75 at the effective density ρ ≈ ρ0
from pion-nucleus scattering [2]. The result is given by ⟨q̄q⟩ρ / ⟨q̄q⟩0 ≃ 1 − 0.43ρ/ρ0. In this way,
the pion-nucleus experimental data [1, 2] combined with the theoretical consideration [3, 4] give the
evidence for partial restoration of chiral symmetry.
It should be emphasized that the wavefunction renormalization is closely connected to the partial
restoration of chiral symmetry as seen in Eq. (4.22) and discussed in Refs. [3, 4, 5]. In the chiral
effective theory, the NG boson field such as pion field, is introduced as a parametrization of the coset
space of the broken symmetry. Thus, the NG boson field should be normalized by a dimensional
quantity, because the physical boson field has energy dimension while the field parametrizing the
coset space is dimensionless. Since the only quantity which has energy dimension in the chiral limit
is the order parameter of spontaneous breaking of chiral symmetry, the dimensional quantity which
normalizes the NG boson field is uniquely chosen as the order parameter. Once partial restoration of
chiral symmetry takes places in nuclear matter by reduction of the order parameters, it changes the
energy scale of the vacuum and renormalizes the NG boson field.
4.2.3 Interpretation of in-medium pion properties from wavefunction renormal-
ization
In the previous section, we show how to extract the information of the in-medium quark condensate
from the pion optical potential parameter determined by the experiment. Now, we show that the wave-
function renormalization provides one of the fundamental interpretations of the in-medium properties
of the pion using a simple example following by Ref. [3]. The interpretation of the observed isovector
term b1 in the pion-nucleus S-wave optical potential is given by the wavefunction renormalization. We
consider zero-momentum π− bound in a nuclear medium with the low proton density ρp and the low
neutron density ρn. The pion dispersion relation in nuclear medium at k⃗ = 0 is given by
ω2 −M2π −Π
(
ω, k⃗ = 0
)
= 0, (4.24)
where ω, Mπ and Π are the pion energy, the pion mass and the pion self-energy, respectively. The
corresponding Klein-Gordon equation is given by[
ω2 −M2π −Π
(
ω, k⃗ = 0
)]
ϕ = 0, (4.25)














where ρ = ρp + ρn and δρ = ρn − ρp. The isoscalar amplitude f (+) and the isovector amplitude f (−)
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with the pion decay constant fπ = 92.4 MeV, the charged pion mass Mπ = 139.57 MeV and the pion-
nucleon sigma term σπN = 45±8 MeV. At the threshold ω =Mπ, we get f (+)(Mπ) = (−0.04±0.09) fm
≃ 0 and β ≃ σπN/M2π . We assume that Π(ω) ≪ M2π , which means that the one-body potential for
pion produced by the nuclear medium is sufficiently small in comparison with the pion rest mass, so
that the effects of the self-energy to the free pion is considered to be moderately small, ω ≃Mπ. With
















+ · · · . (4.28)
By inserting this taylor expansion into Eq. (4.25), we get[















ϕ̃ = Z−1ϕ, (4.31)
where Z is the wavefunction renormalization factor and ϕ̃ is the renormalized pion wavefunction.
The pion wavefunction is renormalized to normalize the time-component of the kinetic term properly.
The self-energy is modified as a result of the pion wavefunction renormalization. In this way, the






























The effect of the wavefunction renormalization are summarized in the pion decay constant as fπ →
f∗π(ρ) and the πN interaction in nuclear medium is enhanced. By using Eq. (4.34) at the effective
density ρ ≈ 0.6ρ0, the ratio of Eq. (4.21) is given by R (ρ = 0.6ρ0) = 0.79 with the saturation den-
sity ρ0 = 0.17 fm
−3. This value is consistent with the pionic atom data [1]. In this way, the observed
b1 value can be interpreted by the wavefunction renormalization. It should be emphasized that the
relation between the wavefunction renormalization and the partial restoration of chiral symmetry.
The pion decay constant is connected to the quark condensate through the GOR relation. By the
wavefunction renormalization, the pion decay constant is decreased as the nuclear density is increased.
Therefore, the wavefunction renormalization is closely connected to the partial restoration of chiral
symmetry. It should be noted that this interpretation is realized at the leading order of density. One
should confirm whether this interpretation is realized beyond the linear density or not.
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The discussion so far is the research for the pion-nucleus S-wave optical potential in the perspective
from the partial restoration of chiral symmetry. In the next step, we will carry out the study to know
what kinds of effects of the partial restoration of chiral symmetry other than S-wave term of the
pion-nucleus interaction. For this purpose, we study the role of the wavefunction renormalization to
the P -wave term of the pion-nucleus interaction in Sec. 6.
4.3 Kaon-nucleus interaction
As seen in Sec. 4.2, a study of the partial restoration of chiral symmetry has been carried out especially
for pions. From the observations of the deeply bound pionic atom [1] and low-energy pion-nucleus
elastic scattering [2] taking into accounts the theoretical considerations [3, 4], chiral symmetry is
considered to be restored about 40% at the saturation density. So, systematic studies for other
systems are necessary, and we need to confirm consistency of partial restoration of chiral symmetry in
other systems. Yet, we do not know whether the partial restoration of chiral symmetry systematically
occurs in other systems than the pion-nucleus system. For this purpose, we would like to consider the
NG bosons with strangeness, namely K meson.
4.3.1 Brief overview of K+-nucleus interaction
The promising probes to investigate the nature of the strangeness in nuclear medium are K±. It
is known that the strong interaction properties of K+ and K− with nucleon, or with nuclei, are
considerably different due to their strangeness content [11]. It is assigned that S = +1 for K+
and S = −1 for K−. We know that K̄N interaction is so strong attractive that Λ(1405) has been
considered to appear as a quasi bound state of K̄N [22]. When we consider the K̄-nucleus system,
strong absorption into the nucleus masks medium effects on the K̄ meson. On the other hand, the
K+N interaction in vacuum is repulsive and relatively weak in the low-energy region plab < 800 MeV/c








is known to be less than 10 mb at lab momenta plab < 800 MeV/c. The K
+N cross section is
small in comparison with K−N and the mean free path in nuclear medium is long and comparable
to the typical nuclear size 5-7 fm. Further, there is no hyperon resonances strongly coupled to KN .
With this nature, the K+ meson can penetrate deeply in the nucleus without suffering from the
strong absorption. Therefore, it is suggested that the K+ meson is capable of using as good probe to
investigate the nature of the strangeness in nuclear medium.
Based on the fact that the mean free path of the K+ meson in nuclear medium is comparable to
the typical nuclear size and K+ meson does not suffer from the strong absorption, one would consider
that the K+ meson scattering with nucleons in the nucleus could be described by the single step
scattering, that is the linear density approximation would be valid. It is remarkable that the ratio R
of the total elastic cross section for K+-carbon on the total elastic cross section for K+-deuteron per





in the region of kaon lab momenta plab = 450-900 MeV/c [12, 13, 14]. By the expectation of the in-
vacuum K+N interaction, the K+-carbon scattering would satisfy the linear density approximation,
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namely σ(K+ 12C) ≃ 12σ(K+N). However, Eq. (4.36) suggests that the single-step scattering does
not explain the elastic total cross section for K+-carbon scattering. Even, the ratio should be expected
as rather R < 1 if one considers the nuclear shadowing effect. This observation was also found as
breakdown of the low-density Tρ approximation in the K+ optical potential in nuclei extracted from
data of K+-nucleus elastic scatterings [15]. The study of Ref. [15] tells us that the optical potential
which reproduces the experimental data for the K+-nucleus elastic scattering is 14-34% enhanced than
what one expects from a simple Tρ approximation as we discuss detail later in the next section.
To understand such unanticipated enhancement of theK+N interaction in nuclear medium, several
ideas have been proposed. As unconventional in-medium effects, the “swelling” of nucleons in nuclei
was firstly suggested in Ref. [23] and later in Ref. [24]. The model which could provide the physical
interpretation of the “swelling” was proposed in Ref. [25] considering the reduction of the mass of
the vector meson, which intermediates the effective K+N interaction, in the nuclear medium. Other
possibilities were discussed, for instance, by considering the medium corrections on the meson exchange
current [26], by including pion cloud contribution [27] and by putting medium effects on exchanged
mesons between the K+ and the target nucleons [28]. The recent studies using the optical potential
based on the in-medium kinematics were done in Ref. [29, 30]. In this thesis, we would like to
describe the enhancement of the K+N interaction in the nuclear medium in terms of the wavefunction
renormalization of the in-medium kaon [7, 31] induced by partial restoration of chiral symmetry.
4.3.2 Kaon-nucleus optical potential
We show the breakdown of Tρ approximation quantitatively using the kaon-nucleus optical potential
by following the recent review of [15]. We consider simple Tρ potential as
2ϵ
(A)
redVopt(r) = −4πFAb0ρ(r). (4.37)
The reduced center-of-mass energy ϵ
(A)












with the center-of-mass total energies for the projectile Ep and target EA. The kinematical factor





MN (EA + Ep)
(4.39)
in terms of the free nucleon mass MN , the target nuclear mass MA and total energy of projectile and
target nucleus in the center-of-mass system
√
s. The complex parameter b0 corresponds to the isospin-
averaged forward KN scattering amplitude. The χ2 fitting for the experimental data of K+-nucleus
total and reaction cross sections are carried out using this potential. The χ2 fitting was carried out
varying parameter b0 at each of the four laboratory momenta plab as summarized in Table 4.3. In
Table 4.3, the optical potential determined by the χ2 fitting marked tρ is compared with the optical
potential constructed by in-vacuum forward KN scattering amplitude marked tfreeρ. As one can see
from the values of χ2 per point, the fits are unacceptably poor. It also suggests that the parameter
determined from the χ2 fitting to the experimental data is sufficiently different from the parameter
determined from the in-vacuum KN scattering amplitude. This result suggests that K+N interaction
is enhanced in the K+-nucleus scattering and the linear density approximation is broken down. The
absolute value of the ratio |t/tfree| shows that the interaction is enhanced by 14-34 % in the nuclear
medium depending on plab. In this thesis, we study the gap between tfreeρ and tρ from the perspective
of the wavefunction renormalization. The detailed method is introduced in the next section.
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Table 4.3: The parameters determined from the K+-nucleus reaction and total cross sections denoted
as tρ are compared with the parameters obtained by in-vacuum forward KN amplitude denoted
as tfreeρ. The parameters are obtained from Ref. [15].
plab [MeV/c] Vopt Reb0 [fm] Imb0 [fm] χ
2/N
488 tρ -0.203(26) 0.172(7) 16.3
tfreeρ -0.178 0.153
531 tρ -0.196(39) 0.202(9) 56.3
tfreeρ -0.172 0.170
656 tρ -0.220(50) 0.262(12) 54.9
tfreeρ -0.165 0.213
714 tρ -0.242(53) 0.285(15) 67.7
tfreeρ -0.161 0.228
4.3.3 Kaon optical potential with wavefunction renormalization
Let us consider the case that the K+ self-energy in the nuclear medium should have energy depen-
dence. The self-energy for the NG boson is expected to have substantial energy dependence, because,
according to the low-energy effective theory of QCD (chiral perturbation theory), the amplitude is
written in terms of the derivative expansion of the NG boson field. Thus, we expect that the wavefunc-
tion renormalization for K+ plays a crucial role. In such a case, the effect of the energy dependence
can be implemented to an equivalent energy independent optical potential at the K+ pole with the
wavefunction renormalization factor in the almost same way as pion discussed in Sec. 4.2.3. We intro-
duce the dispersion relation for the in-medium K+ with energy ω∗, momentum k⃗ and the in-vacuum
kaon mass MK as











. Here let us assume that Π(ω∗) ≪ ω2, which
means that the one-body potential for K+ produced by the nuclear medium is sufficiently small in
comparison with the free kaon energy, so that the effects of the self-energy to the free K+ meson is
considered to be moderately small, ω∗ ≃ ω. With this assumption, expanding the self-energy around

















+ · · · . (4.41)
By inserting this Taylor expansion into Eq. (4.40), we obtain




































at the fixed value of k⃗. Here we have introduced the wavefunction renormalization factor as Z.
Therefore, when the self-energy has sufficiently strong energy-dependence, which may be the case
for the kaon, the wavefunction renormalization plays an important role as one of the substantial
in-medium effects.
In the present model, the self-energy is given by the K+N scattering amplitude as shown in
Sec. 4.1.3. Thus, the wavefunction renormalization factor Z is obtained from the K+ energy de-
pendence of the scattering amplitude. In the leading order of the density expansion, the in-medium
self-energy is given by the Tρ approximation. Thus, the wavefunction renormalization is one of the
next-to-leading corrections for the in-medium self-energy. (The leading correction is given by the
in vacuum K+N scattering amplitude.) Here we would like to emphasize that the wavefunction
renormalization is the leading order correction to the K+N interaction. In Sec. 7, we describe the
K+N scattering amplitude based on chiral perturbation theory and see whether the wavefunction
renormalization explains the enhancement of the K+N interaction in the nuclear medium.

Chapter 5
Formulation of scattering amplitude
We calculate π± and K+-nucleon scattering amplitudes as the elementary process of π−-nucleus and
K+-nucleus interactions in terms of the self-energy (optical potential). We show Lorentz invariant
general form of the amplitude, and then carry out the partial wave expansion of the amplitude in
the center-of-mass frame in Sec. 5.1. The specific form of π-nucleon and K-nucleon amplitudes are
constrained by chiral perturbation theory which is the low-energy effective theory of QCD summarized
in Sec. 5.2. For KN amplitude, we carry out the unitarization based on chiral unitary model to
impose unitarity and analyticity for the amplitude calculated from chiral perturbation theory in the
way described in Appendix A. When we calculate differential cross sections, the Coulomb interaction
should be incorporated to the strong interaction part of the amplitude. For this purpose, the method
to incorporate Coulomb interaction is summarized in Sec. 5.3.
5.1 Scattering amplitude
Firstly, we define the relativistic Lorentz invariant amplitude, namely T -matrix, as follows. The
perturbative expansion of the S-matrix which describes all possible time evolution of scattering process
is given by
S = 1 + S1 + S2 + · · ·+ Sn + · · · . (5.1)
We define the relation between S-matrix and T -matrix as
⟨β |S |α⟩ = 1− i(2π)4δ4(pβ − pα)Tβα, (5.2)
where T is dimensionless. The relation between T -matrix and non-relativistic amplitude f is written by





in the unit of MeV−1, where
√
s is given by Mandelstam variable s = (p1 + p2)
2.
We show the general form T -matrix of NG-boson nucleon scattering respecting Lorentz invari-
ance as





(/p1 + /p3)B(s, t)
]
u(p⃗2, s2). (5.4)
The initial state NG-boson (nucleon) momenta are p1 (p2) and final state NG boson (nucleon) momenta
are p3 (p4). ui(p⃗i, si) is the positive energy Dirac spinor with the three momentum p⃗i and spin si. The
Dirac spinor is normalized as ū(p⃗, s)u(p⃗, s′) = 2MNδss′ with nucleon mass MN . The functions A(s, t)
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and B(s, t) are Lorentz invariant functions of Mandelstam variables s = (p1+ p2)
2 and p = (p1− p3)2.
To perform partial-wave expansion, we write T -matrix in the center of mass system using spin-non-flip
term f and spin-flip term g given by
T (s, t) = χ†(λ4) [f(W, θ)− i(σ⃗ · n̂)g(W, θ)]χ(λ2), (5.5)
whereW and θ are total energy, scattering angle (angle between p⃗1 and p⃗3) in the center-of-mass frame,
respectively. The vector perpendicular to the scattering plane is written as n̂ = (p⃗3 × p⃗1)/|p⃗3 × p⃗1|
and the spin Pauli matrix is σ⃗ and the nucleon spinor with helicity λ is written as χ(λ). The relation
between A,B and f, g is written as
f(W, θ) = (EN +MN )(A+ EKB) + k
2B +
(EN +MN + EK)B −A
EN +MN
k2 cos θ (5.6)
g(W, θ) =
A− (EN +MN + EK)B
(EN +MN )
k2 sin θ, (5.7)
where EN , EK and k are the nucleon energy, kaon energy and kaon momentum in the center of mass













using Legendre polynomials Pl(x). When we carry out unitarization in Appendix A, it is convenient
to introduce the amplitude Tl± which has definite total angular momentum j = l ± 12 as
fℓ(W ) = (ℓ+ 1)Tℓ+(W ) + ℓTℓ−(W ), (5.10)
gℓ(W ) = Tℓ+(W )− Tℓ−(W ). (5.11)








(fℓ(W )− (ℓ+ 1)gℓ(W )). (5.13)
We introduce the partial-wave decomposed potential kernel Vl+(W ) and Vl−(W ) in the same way as
defined in Eqs. (5.12) and (5.13).
By taking spin average in the initial state and spin summation in the final state for the nucleon,







|f(W, θ)|2 + |g(W, θ)|2
)
. (5.14)









|f(W, θ)|2 + |g(W, θ)|2
)
. (5.15)
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5.2 Chiral perturbation theory
Chiral perturbation theory is used as a low-energy effective theory of QCD around the energies of
typical hadron masses 1 GeV. Chiral perturbation theory is constructed on the assumption that chiral
symmetry is spontaneously broken. It describes the hadron dynamics including NG boson which
appears as a result of spontaneously broken chiral symmetry. We describe in-vacuum tree-level πN
and KN scatterings using chiral perturbation theory up to the next-to-leading order. In Sec. 5.2.1, we
summarize chiral Lagrangian up to the next-to-leading order which has SU(2)L× SU(2)R symmetry
to describe pion and nucleon scattering. In Sec. 5.2.2, we summarize chiral Lagrangian up to the next-
to-leading order which has SU(3)L× SU(3)R symmetry to describe kaon and (1/2)+ baryon scattering.
5.2.1 SU(2) Chiral Lagrangian
We show the SU(2) chiral Lagrangian which describes πN interaction for our purpose. The leading-
order chiral Lagrangian which has SU(2)L× SU(2)R symmetry is given by
L(1)πN = ψ̄
(






where m0 is the nucleon mass at the chiral limit and gA is the axial-vector coupling constant at the


















We use the NG boson field U given by









where f is introduced as a normalization factor of mass dimension to make argument dimensionless.
The constant f is identified as decay constant of the NG bosons. The covariant derivative for nucleon
field is introduced as
Dµψ = (∂µ + Γµ)ψ, (5.20)












The next-to-leading order chiral Lagrangian is described by













ψ̄γµγν [uµ, uν ]ψ, (5.23)
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where c1, c2, c3 and c4 are low-energy constants which are to be determined to reproduce the ex-







with quark mass matrix
M = diag (m̂, m̂) (5.25)
where m̂ is the averaged mass of up-quark and down-quark assuming isospin symmetry. The parameter
B0 is a positive constant connecting NG-boson mass and current quark mass. For our purpose, we use
M2π = 2B0m̂, (5.26)
where Mπ is the pion mass.
5.2.2 SU(3) Chiral Lagrangian
We show the SU(3) chiral Lagrangian which describes KN interaction for our purpose. The leading-



















where M0 denotes the baryon octet mass at the chiral limit. The baryon field B and meson field Φ




























K− K̄0 − 2η√
6
 . (5.29)
The covariant derivative for baryon field is introduced as
DµB = ∂µB + [Γµ, B], (5.30)
where Γµ is the SU(3)L× SU(3)R version of Eq. (5.21). The low-energy constants D and F can be
determined from the semileptonic hyperon decay at the tree-level.

































































Tr(B̄[γµ, γν ]uµ)Tr(uνB) + h.c., (5.31)
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where bi, di, gi and hi are low-energy constants which are to be determined from the experimental
data. The terms for bi and di appear in the typical SU(3) chiral Lagrangian such as in Ref. [22]. On
the other hand, the terms for gi and hi are introduced as the extension of SU(2) chiral Lagrangian of
Eq. (5.23). The quark mass matrix is given by
M = diag (m̂, m̂,ms) , (5.32)
where ms is the current quark mass of the strange-quark. In this work, B0 is fixed by relation
M2K = B0(m̂+ms), (5.33)
whereMK is the kaon mass. The baryon masses at the next-to-leading order at the tree-level calculated
from bi term of Eq. (5.31) are given by
MΣ =M0 − 4B0 [2bDm̂+ b0(2m̂+ms)] , (5.34)
MΞ =M0 − 4B0 [bD(m̂+ms) + bF (ms − m̂) + b0(2m̂+ms)] , (5.35)
MN =M0 − 4B0 [bD(m̂+ms) + bF (m̂−ms) + b0(2m̂+ms)] , (5.36)









In the previous section, we consider only strong interaction. However, we also have to incorporate
Coulomb interaction when we describe differential cross sections of K+p, π−p and π+p elastic scat-
terings. We add the Coulomb amplitude fC and the Coulomb phase shift factor e

































k(EK + EN )
EKEN
(5.41)
are the fine structure constant and relative velocity between the kaon and proton, respectively. The
sign of Coulomb amplitude is defined as + for attractive and − for repulsive. The Coulomb phase












In this chapter, we discuss the P -wave pion-nucleus interaction with the effect of the wavefunction
renormalization and the kinetic energy term correction. In Sec. 6.1, we construct the tree-level πN
elastic scattering amplitude as the elementary process of the pion-nucleus interaction from chiral
perturbation theory up to the next-to-leading order (NLO). In Sec. 6.2, we determine the low-energy
constants included in the next-to-leading order chiral Lagrangian to reproduce πN elastic scattering
differential cross sections. In Sec. 6.3, we discuss the effects of the wavefunction renormalization to
the P -wave pion-nucleus optical potential based on πN scattering amplitude constructed in Secs. 6.1
and 6.2.
6.1 πN amplitude
We construct the π−p → π−p and π+p → π+p scattering amplitudes up to the next-to-leading order
of chiral perturbation theory in Sec. 5.2.1. For the use of optical potential, π+p → π+p scattering
amplitude is turned out to be π−n → π−n scattering amplitude assuming the isospin symmetry in
the later discussion. For π−p elastic scattering, the Feynman diagrams to be calculated are shown
in Fig. 6.1. The π−p invariant amplitudes at the leading-order (LO) which are called as Weinberg-













Mn + (/p1 + /p2)
M2n − (p1 + p2)2 − iϵ
/p1γ5u2(p⃗2, s2), (6.2)
where Mn, fπ and gA are the neutron mass, pion decay constant and axial vector coupling constant,
respectively. The initial state pion (neutron) momentum is p1 (p2) and final state pion (neutron)
momentum is p3 (p4). ui(p⃗i, si) is the positive energy Dirac spinor with the three momentum p⃗i and














(p1p3)ū4(p⃗4, s4)u2(p⃗2, s2) +
c4
2f2π
ū4(−/p1/p3 + /p3/p1)u2, (6.3)
where c1, c2, c3 and c4 are the low-energy constants which are to be determined to reproduce the
experimental data. In summary, the π−p elastic scattering amplitude up to the next-to-leading order
chiral perturbation theory is given by
T π
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Figure 6.1: Feynman diagrams for π−p elastic scattering. (a) Weinberg-Tomozawa interaction. (b)










Figure 6.2: Feynman diagrams for π+p elastic scattering. (a) Weinberg-Tomozawa interaction. (b)
Crossed Born interaction with the intermediate nucleon n. (c) NLO interaction.
For π+p elastic scattering, the Feynman diagrams are shown in Fig. 6.2. The π+p invariant













Mn + (/p2 − /p3)
M2n − (p2 − p3)2 − iϵ
/p3γ5u2(p⃗2, s2). (6.6)

















ū4(p⃗4, s4)(−/p1/p3 + /p3/p1)u2(p⃗2, s2). (6.7)
The π+p amplitude up to the next-to-leading order chiral perturbation theory is given by
T π








We determine the low-energy constants c1, c2, c3 and c4 in the next-to-leading order term using the
χ2 fitting to reproduce the low energy π−p → π−p and π+p → π+p differential cross section data.
We carry out the partial-wave expansion up to the P -wave (l = 1) in the center-of-mass frame. It is
necessary to incorporate the Coulomb correction to the strong interaction part given by chiral pertur-
bation theory in the way of Sec. 5.3. We assume the isospin symmetry and use the isospin averaged
mass of pion Mπ and nucleon MN . The physical constants used for our analysis are summarized in
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Table 6.1: The physical constants used for our analysis. We take the isospin averaged baryon masses
denoted as MN and Mπ.
MN Mπ fπ gA
938.9 MeV 138.0 MeV 92.4 MeV 1.267
Table 6.2: Determined low-energy constants c1, c2, c3 and c4 are shown in the unit of 10
−3 MeV−1.
c1 c2 c3 c4 χ
2/N
−0.61 2.97 −4.05 3.70 3.9
where yi, f(xi), σi and N are the experimental data, the theoretical function including free parameters,
errors of the data and the number of the data, respectively. We search for parameter set which makes
χ2 minimum.
To determine the parameters c1, c2, c3 and c4, we use the data of π
−p elastic differential cross
sections at the pion kinetic energies of Tπ = 19.9 and 25.8 MeV in Ref. [32]. The best fit of the
parameter is summarized in Table 6.2. In the following, we compare our results with the experimental
data of the π−p and π+p elastic differential cross sections. In Fig. 6.3, we show the results of π−p
elastic differential cross section. Although we determine the parameter at Tπ = 19.9 and 25.8 MeV,
we obtain a good reproduction of the data for higher energies up to Tπ = 43.4 MeV. In Fig. 6.4,
we show the π+p elastic differential cross section. It shows that a good reproduction of the data
up to Tπ = 25.8 MeV. However, energy region higher than Tπ = 25.8 MeV are inconsistent with
the data, especially around the θc.m. = 180
◦. This inconsistency may stems from the absence of
∆(1232) physical degree of freedom. The effect of the ∆(1232) resonance is implicitly incorporated to
the low-energy constants in this calculation. By taking into account the physical ∆(1232) degree of
freedom in the chiral Lagrangian might improve the reproduction of the differential cross sections at
Tπ = 32.0, 37.3 and 43.4 MeV in π
+p → π+p scattering. However, since we take the pion threshold
when πN amplitude is applied to pion-nucleus optical potential, we consider the effects of energies at
Tπ = 32.0, 37.3 and 43.4 MeV are not affected.










































































































Figure 6.3: The differential cross sections of π−p elastic scattering are written by the function of
the scattering angle in the center-of-mass frame θc.m. at each pion incident kinetic energy Tπ. The
calculated differential cross sections are compared with the experimental data taken from Ref. [32].










































































































Figure 6.4: The differential cross sections of π+p elastic scattering. The calculated differential cross
sections are compared with the experimental data taken from Ref. [32].
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6.3 Wavefunction renormalization
In the previous sections, we construct the π−p → π−p and π+p → π+p scattering amplitudes at the
tree-level reproducing the experimental data of the differential cross sections well. In order to study
the wavefunction renormalization for π− in the nuclear medium, we construct π− self-energy in the
nuclear medium based on πN scattering amplitude. In Sec. 6.3.1, we construct the P -wave optical
potential incorporating the wavefunction renormalization. We also consider the kinetic energy term
correction to the Klein-Gordon equation. In Sec. 6.3.2, we show the numerical results of the P -wave
optical potential constructed in Sec. 6.3.1.
6.3.1 P -wave optical potential with wavefunction renormalization
We construct the P -wave part of π− optical potential with the wavefunction renormalization. We
study the pionic atom using the optical potential constructed in this section and compare it with the
phenomenological potential shown in Sec. 4.2.1. The pion dispersion relation is given by





where ω, k⃗,Mπ and Π are pion energy, pion momentum, pion rest mass and pion self-energy, respec-

















assuming the isospin symmetry T π
+p = T π
−n, where ρp is the proton density and ρn is the neutron
density.
We carry out the procedure which energy dependence of the self-energy is incorporated to the
energy independent optical potential. Assuming k⃗ 2 ≪ M2π and (ω2 −M2π) ≪ M2π , we expand the
























+ · · · . (6.12)





















If we assume the leading order of the density expansion, we obtain








































6.3. WAVEFUNCTION RENORMALIZATION 43







It should be noted that Eqs. (6.15) and (6.16) are the partial derivative of pion momentum and energy.
Therefore, we should take pion off-mass-shell kinematics.
In order to study the effect of the wavefunction renormalization to the P -wave pion-nucleus inter-
action, we expand the self-energy Π, kinetic term correction Y and the wavefunction renormalization Z
up to the P -wave in the πN center-of-mass system as
Π = ΠS +ΠP p⃗cm · p⃗ ′cm + · · · , (6.18)





















p⃗cm · p⃗ ′cm + · · · . (6.20)
The S-wave self-energy is given by ΠS and the P -wave self-energy is given by ΠP . The center-of-mass
3-momentum of initial (final) state is given by p⃗cm (p⃗
′
cm). Using these partial wave expansion up to



















p⃗cm · p⃗ ′cm + · · · , (6.21)
















p⃗cm · p⃗ ′cm + · · · . (6.22)
In Eq. (6.21), the first term on the right hand side is the S-wave term of the optical potential and
the second term on the right hand side is the P -wave term of the optical potential. We consider the
optical potential and the kinetic term correction in the coordinate space as
2MπVopt(r) = s(r) + ∇⃗ · p(r)∇⃗, (6.23)
































We use the substitution k⃗ 2 → −∇⃗2 and p⃗cm · p⃗ ′cm f → −∇⃗ · f(r)∇⃗. We assume the local density
approximation of Eq. (4.3). The effect of the wavefunction renormalization to the pion-nucleus S-wave
interaction (6.25) is known to be important in the previous studies [3, 4]. We study the pion-nucleus
P -wave optical potential with the wavefunction renormalization as described by Eq. (6.26) and the
kinetic energy term correction denoted by Eq. (6.27).
Now, we show that y(r) and p(r) give kinetic energy term correction to Klein-Gordon equation.
The Klein-Gordon equation corresponding to the dispersion relation (6.14) is given by[
ω2 −M2π + ∇⃗2 (1− y(r))− 2MπVopt(r)
]
ϕ(r) = 0. (6.28)
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with pion wavefunction ϕ(r) in coordinate space. By inserting Eq. (6.23), we get
[1− p(r)− y(r)] ∇⃗2ϕ(r) + [ω2 −M2π − s(r) + · · · ]ϕ(r) = 0. (6.29)
The first term is called kinetic energy term of the Klein-Gordon equation. The coefficient of the kinetic
term should be always positive value. If the coefficient of the kinetic term is negative, it means that
there is no lower limit of the energy. Therefore, since it causes instability, the coefficient have to be
take a positive value [8, 33]. We consider the wavefunction renormalization effect in p(r) and kinetic
term correction in y(r) and study these effects make the coefficient positive or not. We write the
combination of p(r) and y(r) as
π(r) = p(r) + y(r). (6.30)
In the phenomenological P -wave optical potential, the value of the coefficient of the kinetic term is
around 1 at the center of the nucleus. In order to do like this, the Lorentz-Lorentz term gives large
effects.
Finally, we summarize the results of this section by substituting the self-energy in the Tρ form of

































l is the π
−N partial-wave amplitude for the orbital angular momentum l. The S-wave























The kinetic term correction of Eq. (6.27) is given by
y(r) = −zS(r)− zqS(r) + ∇⃗ ·
(





























We show the numerical results of the optical potential incorporating the wavefunction renormalization
and the kinetic term correction. We assume the 121Sn nucleus. In Fig. 6.5, we show the S-wave wave-
function renormalization of Eq. (6.33) in the coordinate space. It shows that the S-wave wavefunction
renormalization gives about 50% enhancement for in-medium π−N interaction. We also calculate the
P -wave wavefunction renormalization in Eq. (6.34) in the same way as zS and find that the effect
of zP is negligibly small. Next, in Fig. 6.6 we show the kinetic energy term correction calculated by

















Figure 6.5: The wavefunction renormalization of Eq. (6.33) calculated from the S-wave self-energy is
written by the function of the radial coordinate r. The red line comes from π−p term and the blue
line comes from π−n term. The black line comes from the sum of π−p term and π−n term.
the S-wave self-energy of Eq. (6.36) in the coordinate space. The value of the kinetic energy term
correction calculated by the P -wave self-energy of Eq. (6.37) is negligibly small.
Now, we show the P -wave term of the optical potential with the wavefunction renormalization
of Eq. (6.32) and correction to the kinetic energy term of Eq. (6.35) in Fig. 6.7, which is main
result of this chapter. We take the value of zP (r) = z
q
P (r) = 0 from the result. We compare our
optical potential with the real part of the P -wave phenomenological potential shown in Sec. 4.2.1. In
Fig. 6.7, we denote our P -wave potential without the wavefunction renormalization and the kinetic
term correction, namely Tρ approximation, referred as “Ours (linear)”. The potential “Ours (linear)”
is almost consistent with the linear density part of the phenomenological P -wave potential c(r) denoted
as “pheno (linear)” in Fig. 6.7. The full P -wave phenomenological potential incorporating the Lorentz-
Lorentz correction to the linear density term is referred as “pheno” in Fig. 6.7. We show our P -
wave potential with the wavefunction renormalization of Eq. (6.32) marked as “p(r)” in Fig. 6.7.
It shows that the effect of the wavefunction renormalization is the opposite direction to the full
phenomenological potential as shown in Fig. 6.7. Finally, we show the result of Eq. (6.30) which
is the P -wave potential incorporating the wavefunction renormalization and kinetic term correction
denoted as “π(r)” in Fig. 6.7. It shows that the kinetic term correction term has the effect to bring
our potential a little closer to phenomenology.
As a result, the P -wave interaction is enhanced by about 50% at the saturation density due to the
wavefunction renormalization. We conclude that the effect of the wavefunction renormalization to the
P -wave interaction is sufficiently large. However, by incorporating the wavefunction renormalization
to the P -wave interaction, the difference between our potential and the phenomenological potential
becomes large. It suggests that other in-medium effects should be incorporated into the self-energy
to reproduce the phenomenological optical potential. For example, it is important to incorporate
the Fermi motion of nucleons in nuclear medium with the Pauli blocking for intermediate nucleon
in the Born interaction. It might be also interesting to consider the explicit degrees of freedom of
∆(1232) resonance which is important ingredient for P -wave πN interaction. Other effects are to
be incorporated systematically by the in-medium chiral perturbation theory developed in Refs. [34,
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35]. In addition, the Lorentz-Lorentz term in the phenomenological potential could be essential and
might be incorporated in our potential. The effect of bringing the linear density phenomenological
potential closer to 1 is caused by the Lorentz-Lorentz term. Therefore, if we consider our potential π(r)
incorporating the Lorentz-Lorentz term, we need to change the free parameter λ in the Lorentz-Lorentz
term in order to bring the potential π(r) closer to 1. In this sense, the effect of the wavefunction
renormalization to the P -wave term could change the interpretation of the P -wave phenomenological
optical potential, especially Lorentz-Lorentz term.


















Figure 6.6: The kinetic energy term correction of Eq. (6.36) calculated from the S-wave self-energy.
The red line comes from π−p term and the blue line comes from π−n term. The black line comes from


















Figure 6.7: The different types of the P -wave optical potentials are compared. The contents are




In this chapter, we study the properties of in-medium K+ meson from the perspective of the wavefunc-
tion renormalization. In order to study the K+ in nucleus, the K+-nucleus scatterings are studied.
In Sec. 7.1, we construct KN scattering amplitude from chiral perturbation theory up to the next-
to-leading order (NLO) as the elementary process of K+-nucleus scattering. In Sec. 7.2, we carry out
the χ2 fitting in the two different cases, tree-level and unitarized amplitudes. In Sec. 7.2.1, we carry
out the χ2 fitting using the tree-level amplitude from 2-parameter chiral Lagrangian. In Sec. 7.2.2, we
carry out the χ2 fitting using the unitarized amplitude from 4-parameter chiral Lagrangian. The de-
tails of the unitarization are summarized in Appendix A. The unitarized amplitude is upgrade version
of the tree-level amplitude. In Sec. 7.3, we discuss the effects of the wavefunction renormalization to
the K+ in nuclear medium based on the KN scattering amplitude constructed in Sec. 7.2. Finally, in
Sec. 7.4, we discuss an S = +1 exotic resonance in the KN scattering of the I = 0 channel.
7.1 KN amplitude
There are three KN amplitudes, K+p → K+p, K+n → K+n and K+n → K0p. The isospin
symmetry reduces two independent amplitudes for I = 0 and I = 1. The K+N scattering amplitude
in the particle basis are decomposed into the amplitude in the isospin basis as
TK










(T I=1 − T I=0), (7.3)
where T I=0,1 is the isospin I = 0 and I = 1 amplitudes. In order to get I = 0 and I = 1 amplitudes,
we calculate K+p → K+p and K+n → K+n scattering amplitudes from chiral perturbation theory
up to the next-to-leading order summarized in Sec. 5.2.2.
For the K+p elastic scattering amplitude (I = 1 amplitude), the Feynman diagrams to be calcu-
lated are shown in Fig. 7.1. In the crossed Born term, the possible one-particle intermediate states
are Σ0 and Λ with S = −1 and Q = 0. Since there is no baryon with S = +1 and Q = 2, we do not
consider the direct Born term. The K+p invariant amplitudes at the leading-order chiral perturbation
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Figure 7.1: Feynman diagrams for K+p elastic scattering. (a) Weinberg-Tomozawa interaction. (b)














Figure 7.2: Feynman diagrams for K+n elastic scattering. (a) Weinberg-Tomozawa interaction. (b)
Crossed Born interaction with the intermediate Σ−. (c) NLO interaction.















MΣ + (/p2 − /p3)










MΛ + (/p2 − /p3)
M2Λ − (p2 − p3)2 − iϵ
/p3γ5u(p⃗2, s2) (7.5)
with the Σ baryon mass MΣ and the Λ baryon mass MΛ. Equations (7.4) and (7.5) are obtained from
the Weinberg-Tomozawa interaction and crossed Born interaction, respectively. The K+p invariant







(m̂+ms)(b0 + bD) +
2
f2K






(−2g2 − g3 − 2g4)
]
ū(p⃗4, s4)u(p⃗2, s2)




3 ū4(p⃗4, s4)[γµ, γν ]u2(p⃗2, s2). (7.6)
In summary, the K+p elastic scattering amplitude up to the next-to-leading order chiral perturbation









For the K+n elastic scattering amplitude, the Feynman diagrams to be calculated are shown in










(D − F )2
2f2K
ū(p⃗4, s4)/p1γ5
MΣ + (/p2 − /p3)
M2Σ − (p2 − p3)2 − iϵ
/p3γ5u(p⃗2, s2). (7.9)
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In the crossed Born term, a possible one-particle intermediate state is Σ− with S = −1 and Q = −1.
The direct Born term with S = +1 and Q = +1 does not contribute, since there is no baryon with
such a quantum number. It is known that the pentaquark Θ+ is a candidate for the direct Born term.
However, we do not consider the direct Born term, because it is known that the possible Θ+ has very
weak coupling to KN . The K+N invariant amplitude at the next-to-leading order chiral perturbation







(m̂+ms)(2b0 + bD − bF ) +
2
f2K













3 ū4(p⃗4, s4)[γµ, γν ]u2(p⃗2, s2). (7.10)









We get K+p and K+n elastic scattering amplitudes. The I = 1 amplitude can be directly obtained
from the K+p elastic scattering amplitude. The I = 0 amplitude given by T I=0 = 2TK
+n −TK+p are
written as
T I=0WT = 0, (7.12)
T I=0Born = −
3
4
(D − F )2
f2K
ū(p⃗4, s4)/p1γ5
MΣ + (/p2 − /p)3
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(2g1 + g3 − 2g4)
]
ū(p⃗4, s4)u(p⃗2, s2)




3 ū4(p⃗4, s4)[γµ, γν ]u2(p⃗2, s2). (7.14)
In summary, the I = 0 amplitude up to the next-to-leading order is written as





The low-energy constants bI , dI , gI and hI are defined by
bI=1 = b0 + bD, b
I=0 = b0 − bF , (7.16)
dI=1 = −2d2 − d3 − 2d4, dI=0 = 2d1 + d3 − 2d4, (7.17)
gI=1 = −2g2 − g3 − 2g4, gI=0 = 2g1 + g3 − 2g4, (7.18)
hI=1 = h1 − h2 − h3 − h4, hI=0 = h1 + h2 + h3 + h4. (7.19)
We also see the unitarized amplitude of the tree-level amplitude by following the method developed
for the K̄N scattering where the Λ(1405) is dynamically generated. Since the KN scattering data
exist relatively high energy region, we carry out the unitarization of the tree-level amplitude from
chiral perturbation theory to extend energy applicable region. The way to perform the unitarization
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is summarized in Appendix A. We carry out the unitarization using the I = 0 and I = 1 amplitudes
of Eqs. (7.7) and (7.15) as a potential kernel written by










It is noted that the unitarization is performed after the partial-wave decomposition.
7.2 χ2 fitting
In this section, we determine the free parameters to reproduce the KN scattering data using the
χ2 fitting. We use two different types of amplitudes, tree-level and unitarized amplitudes. In Sec. 7.2.1,
we carry out the χ2 fitting of the tree-level KN amplitude with the 2-parameter low-energy constant,
bI and dI (gI = hI = 0). This type of theKN scattering amplitude is studied in Ref. [31]. In Sec. 7.2.2,
we carry out the χ2 fitting of the unitarized KN amplitude with the 4-parameter low-energy constant,
bI , dI , gI and hI . This type of the KN scattering amplitude is discussed in Ref. [36]. The unitarized
amplitude is the upgrade version of the tree-level amplitude.
We assume the isospin symmetry and use the isospin-averaged hadron masses. The value of kaon
decay constant is fK = (1.19± 0.01)fπ = 110.0 MeV with fπ = 92.4 MeV. The low-energy constants
D and F in the leading-order chiral Lagrangian are already determined by the semileptonic hyperon
beta decay reported in Ref. [37]. The parameters using in our analysis are summarized in Table 7.1.
We assume the energy region up to the plab = 800 MeV/c where inelastic contributions such as pion
production starts to significant.
7.2.1 Tree-level amplitude
We carry out the χ2 fitting using the tree-level KN amplitude up to the next-to-leading order of chiral
perturbation theory with bI and dI as free parameters (hI = gI = 0) as done in Ref. [31]. We use a
experimental data of the K+p→ K+p differential cross section and the I = 0 total cross section.
The low-energy constants bD and bF can be determined by the baryon masses using Eqs. (5.34) to (5.37).
These parameters shift the chiral limit baryon mass M0 to their physical masses. Using the isospin




















The rest of the low-energy constants are determined so as to reproduce the observed KN cross section
by using the χ2 fitting. We use the partial wave series up to the G-wave (l = 4). First, to determine
the low-energy constants for I = 1, bI=1, dI=1, we carry out the χ2 fit for the K+p elastic differential
cross section using the data at the kaon incident momentum in the laboratory frame plab = 205
MeV/c (N=21) [38] where chiral perturbation theory may be applicable. The best fit of the parameters
for K+p is summarized in Table 7.2. At this time, we can determine b0 from b
I=1 and bD using
Eq. (7.16) as b0 = −5.40×10−5 MeV−1. Using the values of b0 and bF , the parameter bI=0 is calculated
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Table 7.1: The values of the fixed parameters. We take the isospin averaged masses.
MN MK MΛ MΣ fK D F
938.9 MeV 495.6 MeV 1115.7 MeV 1193.2 MeV 110.0 MeV 0.80 0.46
Table 7.2: Determined parameters for the tree-level amplitude. The I = 1 low-energy con-
stants, bI=1 and dI=1, are determined to reproduce the K+p → K+p differential cross section at
plab= 205 MeV/c [38]. The I = 0 low-energy constant b
I=0 can be fixed by bI=1, bD and bF . The
rest of the I = 0 low-energy constant dI=0 is determined to reproduce the I = 0 total cross section
between plab = 366 to 799 MeV/c (N=27) [39, 40, 41].
Tree-level amplitude
bI=1 1.01× 10−5
I = 1 dI=1 −4.33× 10−4
χ2/N 0.83
bI=0 1.55× 10−4
I = 0 dI=0 3.91× 10−4
χ2/N 12.0
by Eq. (7.16). The value of b0 is shown in Table 7.2. Then, we carry out the χ
2 fitting for the I = 0
total cross section to determine only dI=0 using the data between plab = 366 to 799 MeV/c (N=27) [39,
40, 41]. The best fit of the parameters for the I = 0 is found in Table 7.2.
In the following, we compare our results with the experimental data for energies up to 800 MeV/c.
In Fig. 7.3, we show the differential cross section of the K+p elastic scattering compared with the
experimental data [38]. In the theoretical calculation, we include the Coulomb correction discussed
in Sec. 5.3. Although we have used only the data at plab = 205 MeV/c to determine the parameters,
surprisingly we obtain great reproduction of the differential cross sections for lower and higher energies
up to plab = 500 MeV/c. In Fig. 7.4, we show the result of the I = 1 total cross section. In spite
of the perturbative calculation, we find substantially nice agreement with the data up to plab = 500
MeV/c. It is also found that the contribution of the partial wave series up to the P -wave is dominant.
Figure 7.5 shows that the calculated I = 0 total cross section is well reproduce the experimental data.
It is found that the contribution of the S-wave is dominant. In Fig. 7.6, we show the differential cross
section of the K+n elastic scattering at plab = 434 and 526 MeV/c. Although we reproduce well the
I = 0 total cross section as shown in Fig. 7.5, the reproduction of the K+n differential cross section
at plab =526 MeV/c is not so impressive.
7.2.2 Unitarized amplitude
In this section, we improve the KN scattering amplitude from the tree-level amplitude. We use chiral
Lagrangian with 4-parameter bI , dI , gI and hI defined in Eq. (7.16) to (7.19) at the next-to-leading
order chiral Lagrangian. We also carry out the unitarization to extend energy applicable region using
the chiral unitary model in Appendix. A. We determine the parameters so as to reproduce the KN
scattering data of K+p → K+p, K+n → K+n and K+n → K0p scatterings. In order to reduce the
number of parameters, we fix the subtraction constant for I = 0 and 1 as aI=0,1 = −1.150 at the












































































































































































































Figure 7.3: The differential cross section of K+p elastic scattering at several lab momenta plab from
chiral perturbation theory up to the next-to-leading order compared with the experimental data of
Ref. [38]. The differential cross section dσ/dΩ is shown in units of mb/sr as a function of cosθc.m..
























Figure 7.4: The I = 1 total cross section from chiral perturbation theory up to the next-to-leading
order comparison with the experimental data [38, 39, 40, 41, 42, 43]. The partial-wave contributions
are plotted in the dashed lines. The horizontal axis means the K+ meson incident momentum in the























Figure 7.5: The I = 0 total cross section from chiral perturbation theory up to the next-to-leading
order comparison with the experimental data [39, 40, 41].









































Figure 7.6: The differential cross section of K+n elastic scattering from chiral perturbation theory up
to the next-to-leading order compared with the experimental data of Ref. [44].
regularization scale at µ = 1 GeV. We confirmed that a small change of the subtraction constant is
absorbed in the low-energy constants. We consider the partial-wave series up to the D-wave (l = 2).
Firstly, we determine the I = 1 low-energy constants from the K+p elastic scattering data. Since
the data of K+p elastic scattering data is well determined, we can constrain well the I = 1 low-
energy constants. To determine the I = 1 low-energy constants bI=1, dI=1, gI=1 and hI=1, we use
the K+p elastic differential cross section data between plab = 145 to 726 MeV/c of Ref. [38] and the
I = 1 total cross section data between plab = 145 to 788 MeV/c in Refs. [38, 39, 40, 41, 42, 43].
The determined parameters are summarized in Table 7.3. We find that the two parameter sets of
Solutions 1 and 2 which reproduce the experimental data equally well. In Fig. 7.7, we show that the
calculated I = 1 total cross sections for Solutions 1 and 2 in comparison with the experimental data.
The calculated amplitudes reproduce the experimental data well up to the plab = 800 MeV/c. The
partial-wave contribution up to the S-wave is dominant and the partial-wave higher than the P -wave
is negligible. The P -wave contribution for Solution 1 is larger than that of Solution 2. Figure 7.8 is
calculated K+p elastic differential cross section in comparison with the experimental data. It shows
that Solutions 1 and 2 reproduce the experimental data well up to plab = 726 MeV/c. We can find
the effect of the P -wave amplitude for Solution 1 at plab = 726 MeV/c.
Secondly, we determine the I = 0 low-energy constants bI=0, dI=0, gI=0 and hI=0. We use the
differential cross section data of K+n→ K+n [44, 45] and K+n→ K0p [44, 46] at the plab = 526, 604
and 640 MeV/c and the I = 0 total cross section data between plab = 366 to 717 MeV/c of Bowen
1970 [39] denoted in the Fig. 7.9. We have confirmed that even if we include the data marked Carroll
1973 [41] in Fig. 7.9, we get the worse χ2 values with the similar parameter sets. It would imply that
our model prefers the data of Bowen 1970 [39] and Bowen 1973 [40]. As a fine-tuning, we use the data
of Bowen 1970 [40] as the I = 0 total cross section data. The scattering amplitudes of K+n → K+n
and K+n → K0p are composed of I = 0 and 1 amplitudes as shown in Eqs. (7.2) and (7.3). Since
the I = 1 parameters have been already determined from the K+p elastic scattering, we fix the I = 1
parameters when we determine the I = 0 parameters. The result of the χ2 fitting for the I = 0
parameters are summarized in Table. 7.3. We propose two parameter sets of Solutions 1 and 2 giving
different character of the amplitude which we will discuss in detail later. Figure 7.9 shows that the
calculated I = 0 total cross sections using Solutions 1 and 2 are compared with the experimental data.
We found that Solutions 1 and 2 reproduce the experimental data equally well. The band in Fig. 7.9
represents the area obtained by the parameters in the neighborhood of the local minimum of χ2. We
restrict the allowable values of χ2/N as 4.54 < χ2/N < 5.53 for Solution 1 and 4.06 < χ2/N < 5.01
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Table 7.3: The determined parameters for I = 0 and 1. There are two parameter sets of Solutions 1
and 2. They give different properties in the amplitude. The parameter bI , dI , gI and hI are given in
the unit of 10−3 MeV−1. The subtraction constant is fixed as aI=0,1 = −1.150 at the regularization
scale µ = 1 GeV.
Unitarized amplitude
Solution 1 Solution 2
bI=1 0.54 0.30
dI=1 −0.29 −0.24





I = 0 gI=0 −0.42 0.56
hI=0 1.14 −3.54
χ2/N 4.54 4.06
for Solution 2. The I = 0 total cross section increases rapidly around the plab = 500 MeV/c. In the
two solutions, the partial-wave component responsible for the rapid increase of the I = 0 total cross
section is different. This feature is closely connected with the possible broad resonance in the I = 0
channel as discussed in detail in Sec. 7.4. In Solution 1, the dominant contribution of the partial-wave
is P01 amplitude
1 and hence the rapid increase is given by P01-amplitude. In Solution 2, the I = 0
total cross section is mainly composed of P01 and P03-amplitude and the rapid increase is given by
P03-amplitude. As we discuss later, other analysis support Solution 1. In the following, we show
the differential cross sections of K+n → K+n and K+n → K0p scatterings using Solutions 1 and 2.
Similar to the I = 0 total cross section, we show the possible areas of the differential cross section
in the local minimum of χ2. In Figs. 7.10 and 7.11, we show K+n → K+n differential cross section
for Solutions 1 and 2 in comparison with the experimental data. The Solutions 1 and 2 are roughly
consistent with the experimental data. In Figs. 7.12 and 7.13, we show K+n→ K0p differential cross
section for Solutions 1 and 2 in comparison with the experimental data. The Solutions 1 and 2 are
roughly consistent with the experimental data up to the plab = 640 MeV/c. The reproduction of
the data at plab = 688, 720, 771 and 780 MeV/c are not very good, however, we cannot find sizable
contradiction with the experimental data.
1We use the partial wave convention LI 2J with orbital angular momentum L, isospin I and total angular momentum
J = L± 1/2.

















































Figure 7.7: The calculated I = 1 total cross sections using Solutions 1 and 2 in comparison with the
experimental data [38, 39, 40, 41, 42, 43].
7.3 Wavefunction renormalization
In the previous sections, we construct the in-vacuum KN scattering amplitude to reproduce the
experimental data well in the two different ways, tree-level and unitarized amplitudes. In order to
study the wavefunction renormalization for K+ in the nuclear medium, we construct the K+ self-
energy in the nuclear medium based on KN scattering amplitude. We construct the K+ self-energy
using the tree-level and unitarizedKN amplitudes. By taking the derivative of theK+ self-energy with
respect to the K+ energy, we evaluate the effect of the wavefunction renormalization. In Sec. 7.3.1, we
show the wavefunction renormalization factor calculated from the self-energy based on the tree-level
amplitude. In Sec. 7.3.2, we show the wavefunction renormalization calculated from the self-energy
based on the unitarized amplitude.
We assume symmetric nuclear matter and evaluate at the saturation density which is the density
at the center of the nucleus. In the case of symmetric nuclear matter, we use the isospin averaged
K+p and K+n elastic scattering amplitude in the isospin basis for forward direction written as
T ave(θ = 0) =
1
4
[3T I=1(θ = 0) + T I=0(θ = 0)], (7.24)












































































































































































































































































Figure 7.8: The calculated differential cross sections of the K+p elastic scattering using Solutions 1
and 2 in comparison with the experimental data of Ref. [38].















































Figure 7.9: The I = 0 total cross sections calculated using Solutions 1 and 2 in comparison with the
experimental data [39, 40, 41]. The solid line shows that the best-fit solution. The shaded area shows
that the allowable region of the parameter around the vicinity of the best-fit solution.









































































































































































Figure 7.10: The differential cross sections of K+n elastic scattering using Solution 1 in comparison
with the experimental data of Ref. [44, 45]. The momenta at the plab=640, 720 and 780 MeV/c are
the data from Ref. [45]. The others are the data from Ref. [44].









































































































































































Figure 7.11: The differential cross sections of K+n elastic scattering using Solution 2.









































































































































































Figure 7.12: The differential cross sections of K+n charge exchange scattering using Solution 1 in
comparison with the experimental data of Ref. [44, 46]. The momenta at the plab=640, 720 and 780
MeV/c are the data from Ref. [46]. The others are the data from Ref. [44].









































































































































































Figure 7.13: The differential cross sections of K+n charge exchange scattering using Solution 2.
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where θ is the scattering angle in the center-of-mass system. We use the model of the self-energy
taking into the nucleon Fermi motion of Eq. (4.10) and linear density approximation of Eq. (4.12).
7.3.1 Tree-level amplitude
In this section, we show the result of the wavefunction renormalization based on the tree-level ampli-
tude constructed in Sec. 7.2.1. Before going into the numerical calculation, we show a simple analytic
calculation, which is good to illustrate the method of the wavefunction renormalization. We con-
sider the model-independent Weinberg-Tomozawa term at the tree-level which is leading order chiral
perturbation theory. The Weinberg-Tomozawa term in the form of T -matrix is given by





ū(p⃗4, s) (/p1 + /p3)u(p⃗2, s). (7.25)
The isospin averaged tree-level forward amplitude at the threshold for off-shell kaon energy ω∗ for
Weinberg-Tomozawa term is given by





with kinematics p1 = p3 = (ω
∗, 0⃗), p2 = p4 = (MN , 0⃗) and relation ū(k⃗, s)γ
µu(k⃗, s′) = 2kµδss′ . We








with the factor 1/(2MN ) stems from Dirac spinor normalization. If we assume the leading order of
the density expansion, by using Eq. (4.44), we calculate the wavefunction renormalization factor Zw/o
without the Fermi motion at the on-shell threshold ω∗ =MK as









This result means that the magnitude of the amplitude is increased by about 8% at the saturation
density due to the wavefunction renormalization.
Now let us show the wavefunction renormalization factor obtained from the tree-level KN scatter-
ing amplitude calculated by chiral perturbation theory up to the next-to-leading order. The results for
the wavefunction renormalization factor are summarized in Fig. 7.14. The dotted line denoted as Zw/o
shows that the result without Fermi motion of the nucleons which is calculated from Eq. (4.12), while
the solid line denoted as Z shows that the result with the Fermi motion calculated by Eq. (4.10).
The wavefunction renormalization factor gives 1 to 5% enhancement for the in-medium self-energy at
the saturation density. This shows that the wavefunction renormalization could explain a part of the
breakdown of the linear density approximation for the K+-nucleus scattering. In Fig. 7.15, we show
the density dependence of the wavefunction renormalization factors Zw/o and Z at pK+ = 488 MeV/c.
Because the contribution of the Fermi motion is not so large, the density dependence is almost linear
in this approximation.
7.3.2 Unitarized amplitude
Now, we show the wavefunction renormalization factor for the unitarized amplitude at the saturation
density. The K+ incident momentum dependence of the wavefunction renormalization factors Zw/o
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and Z are found in Fig. 7.16. We show the results for Solution 1 in the left column and Solution 2
in the right column. For Solutions 1 and 2, the wavefunction renormalization has the imaginary
part. The imaginary part of the wavefunction renormalization comes from the loop contribution in
the scattering amplitude. In our model, we consider only the KN channel in the calculation of the
KN amplitude. Thus, the imaginary part comes from opening the KN channel in the intermediate
state. In the self-energy, this contribution represents the change of the nucleon state in the nucleus.
Thus, this is a part of the breakup of the nucleus. When we consider the effect of the wavefunction
renormalization as a factor to the self-energy, the effect of the imaginary part of the wavefunction
renormalization is small compared to the real part. In the following, we discuss the absolute value of
the wavefunction renormalization to study the role of the wavefunction renormalization as a factor to
the self-energy.
In Solution 1, contrary to our expectation, the absolute value of the wavefunction renormalization
is small as shown in Fig. 7.16. In addition, the wavefunction renormalization drastically depends on
the K+ momentum around pK+ = 600 MeV/c and gets smaller than unity. Because the wavefunction
renormalization factor is calculated by derivative of the self-energy based on the KN scattering ampli-
tude, the fact that the wavefunction renormalization factor has nontrivial energy dependence implies
that the scattering amplitude also should have nontrivial structure. It indicates that the possibility
of the resonance state in the KN scattering as discussed in the next section. The effect of the Fermi
motion makes the momentum dependence of the wavefunction renormalization factor moderate. In
Solution 2, the wavefunction renormalization gives 5% enhancement in the low-energy as shown in
Fig. 7.16. The wavefunction renormalization factor for Solution 2 is slowly varying function compared
to Solution 1, however, it also shows the rapid decreasing around pK+ = 700 MeV/c in the same
reason as Solution 1. The effect of the Fermi motion makes the momentum dependence of the wave-
function renormalization factor moderate and the absolute value of the wavefunction renormalization
is decreased by about 1% due to the Fermi motion.
The wavefunction renormalization obtained by the unitarized amplitude explains several percent of
the enhancement in the optical potential. We also have found that if the wavefunction renormalization
factor shows strong momentum dependence, it indicates that there is a possibility of resonance in KN
scattering amplitude. Thus, because the wavefunction renormalization factor has direct information
of the scattering amplitude, observing the momentum dependence of the K+ wavefunction renormal-
ization factor in nuclear matter could provide a hint of the existence of an exotic hadron with S = +1.
In the next section, we discuss the resonance structure in the I = 0 channel of the KN scattering
amplitude.
7.4 Possible broad resonance in S = +1 channel
In this section, we discuss the I = 0 KN partial-wave unitarized amplitude constructed in Sec. 7.2.2 to
study the possibility of an S = +1 exotic resonance. Baryons with strangeness S = +1 are so-called
exotic hadrons, because their quantum numbers cannot be described by three constituent quarks.
For the S = +1 baryon, one needs at least one anti-strange quark and more than three quarks to
compensate the negative baryon number of the anti-strange quark to have baryon number +1 in total.
Thus, the minimal quark contents are uudds̄ for charge Q = +1.
Now, we search for poles in the complex energy plane. Since we have KN scattering amplitude of
analytic function, we can perform analytic continuation to the complex energy plane. In Solution 1, we
can find the pole in the P01 amplitude at the z = 1617−153i MeV which corresponds to the resonance













Figure 7.14: The wavefunction renormalization factor without the Fermi motion Zw/o written in the
dotted line and with the Fermi motion Z written in the solid line at the saturation density obtained
by the tree-level amplitude from chiral perturbation theory up to the next-to-leading order. pK+ is















Figure 7.15: The density dependence of the wavefunction renormalization factors Zw/o and Z at
pK+ = 488 MeV/c using the tree-level amplitude. In the horizontal line, the density ρ is normalized
by the saturation density ρ0.









































































































Figure 7.16: The real part, imaginary part and absolute value of the wavefunction renormalization
factor as a function of the kaon incident momentum in the nuclear-matter rest frame pK+ . The
wavefunction renormalization factor without the Fermi motion Zw/o is written by the dotted line and
with the Fermi motion Z is written by the solid line. The left column is for Solution 1 and the right
column is for Solution 2.
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Table 7.4: The resonance states of the Solution 1 and 2.
amplitude (JP ) mass [MeV] width [MeV]










Figure 7.17: The distribution of the poles of the amplitude in the complex energy plane z. The red
star stands for the best-fit value.
state of the mass 1617 MeV/c2, width 305 MeV and JP = (1/2)+. In Solution 2, we can find the
pole in the P03 amplitude at the z = 1678 − 232i MeV which corresponds to the resonance state of
the mass 1678 MeV/c2, width 463 MeV and JP = (3/2)+. These resonance states are summarized
in Table 7.4. In Fig. 7.17, we show the pole distributions in the complex energy plane around the
vicinity of the χ2 local minima.
Although we find the resonance states as the poles in the complex energy plane, there is no well
known resonance structure represented by the peak in the total cross section around the resonance
energy. When the resonance has a large width and couples strongly to the non-resonant background,
it does not necessarily have a peak structure as a sign of resonance. We demonstrate this situation by
the simple amplitude written by resonant term and non-resonant term with relative phase δ as
f(E) =
i
E −M + iΓ/2
+ beiδ. (7.29)
We show the total cross sections using the amplitude of Eq. (7.29) with δ = 0, π/2, π and 3π/2 for
mass M = 1600 MeV, width Γ =300 MeV and non-resonant amplitude b = 0.01 MeV−1 in Fig. 7.18.
In Fig. 7.18, it is shown that the resonance shape depends on the relative phase δ. In the case of
δ = 0, the resonant term and non-resonant term interfere constructively and the total cross section
has a well-known peak structure around the resonance energy. For δ = π, the resonant term and
non-resonant term interfere deconstructively and the resonance appears as the dip in the total cross
section. For δ = π/2, the resonance appears as the rapid increase around the resonance energy in the
total cross section and this structure is similar to the KN I = 0 total cross section. These structures
are known as Fano resonance [47].
Figure 7.19 shows that the real and imaginary parts of the I = 0 scattering amplitudes of P01 for
Solution 1 and P03 for Solution 2. Although we can see the resonance structure in the amplitude, the
role of the real and imaginary parts are interchanged compared to the typical resonance. (Usually, the
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Figure 7.18: Fano resonance. Cross sections of amplitudes composed of a resonance and a continuum
background with relative phase δ are shown. The resonance is assumed to have 1600 MeV mass and
300 MeV width. The resonance shape is dependent on the relative phase δ. The vertical axis is in
arbitrary unit.
imaginary part has a peak structure and the real part increases around the resonance energy.) This
phenomena stems from the strong coupling of resonant term and non-resonant term discussed in the
above as Fano resonance. To confirm that the resonance of the amplitude stems from the pole in the
complex energy plane, we calculate the amplitude subtracting the resonant term. We assume that
the resonant term as Breit-Wigner form and numerator is calculated by the residue of the amplitude
at the pole. The subtracted amplitudes are shown in Fig. 7.19 by the dotted line. The subtracted
amplitudes are slowly varying function of energy and there are no characteristic dependence of energy.
Therefore, it has confirmed that the resonance structure appearing in the amplitudes stem from the
pole in the complex energy plane.
Figure 7.20 shows that the Argand diagrams of S and P -wave amplitudes for Solutions 1 and 2.
We compare other studies of Martin’s amplitude [48] and amplitude of the SAID program [49] with
our amplitude. It turns out that Solution 1 is similar to the other studies. In Solution 2, P03 amplitude
shows attractive interaction and resonance appears. It is interesting to point out that even if P01 and
P03 amplitudes contribute equally to the I = 0 total cross section, P01 amplitude shows repulsive
interaction. In Fig. 7.21, we show the momentum dependence of the I = 0 partial-wave T -matrix T ′l±
defined by T ′l± = −kTl±/(8π
√
s), where Tl± is given in Eqs. (5.12) and (5.13), for Solutions 1 and 2 in
comparison with Martin’s amplitude [48] and SAID amplitude [49]. The solid and dashed lines stand
for the real and imaginary parts of the amplitudes, respectively.
As stated in the above, the resonance is given by the rapid increase of the imaginary part of the
I = 0 amplitude around the resonance energy. According to the optical theorem, the total cross
section is proportional to the imaginary part of the amplitude. Therefore, we can say that the rapid
increase of the I = 0 total cross section around the resonance energy is observable indication of
the broad resonance. Also it should be emphasized that the spin-parity of the resonance can be
known by investigating which partial-wave gives the rapid increase in the I = 0 total cross section
as summarized in Table 7.4. In this context, it is interesting to study a theoretical amplitude which
gives rapid increase in the I = 0 total cross section by the S-wave amplitude. The parameter set
giving the S-wave dominant solution called Solution 3 is given by Table 7.5. Figure 7.22 shows the
I = 0 total cross section for Solution 3. It shows that the S01 amplitude contributes substantially and
rapid increase is given by the S01 amplitude. Solution 3 cannot reproduce the angular dependence
of the K+n charge exchange differential cross section, because there is a little P -wave component in
Solution 3. Thus, Solution 3 is excluded. However, we also discuss the Solution 3, because we want
to point out the relation between the rapid increase of the I = 0 total cross section and the broad
resonance state. We find the pole at z = 1624− 132i MeV in the S01 amplitude which corresponds to







































Figure 7.19: The real and imaginary parts of the I = 0 amplitudes of P01 for Solution 1, P03 for
Solution 2 around the resonance energy. The solid lines stand for the original amplitudes, while the
dotted lines stand for the amplitudes obtained by subtracting the resonance pole.
the resonance state of M = 1624 MeV/c2, width 264 MeV and JP = (1/2)−. Figure 7.23 shows that
the real and imaginary part of the S01 amplitude and we find the resonance structure. It would be
very interesting if one could study the I = 0 total cross section near the resonance energy using more
accurate experimental data.
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Figure 7.20: The Argand diagrams of Solutions 1 and 2 in the I = 0 states up to the momentum
plab =800 MeV/c. Solution 1 is compared with the Martin’s amplitude [48] and SAID amplitude [49]
shown in the dotted line. It shows that Solution 1 is consistent with existing partial wave amplitude.





























































































Figure 7.21: The dimensionless partial-wave amplitudes T ′l± = −kTl±/(8π
√
s) of Solutions 1 and 2
in the I = 0 channel up to the momentum plab =800 MeV/c in comparison with Martin’s [48] and
SAID [49] amplitudes. The solid and dashed lines stand for the real and imaginary parts of the
amplitudes, respectively.
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Figure 7.23: The real and imaginary parts of the S01 amplitude calculated using Solution 3.
Chapter 8
Summary and Conclusion
We have studied the role of the wavefunction renormalization for in-medium NG boson from the
perspective of the partial restoration of chiral symmetry. We focus on two NG bosons, pion and kaon,
in nuclear medium.
In-medium π meson
We studied the effects of the wavefunction renormalization to the P -wave term of the pion-nucleus
interaction. First of all, we have constructed π−p → π−p and π+p → π+p scattering amplitudes
based on chiral perturbation theory up to the next-to-leading order. The low-energy constants were
determined to reproduce the differential cross sections. We have obtained a quite good description
of the π−p and π+p differential cross sections by chiral perturbation theory. Second of all, we have
constructed the self-energy using the linear density approximation based on in-vacuum πN scattering
amplitude. Then, we have constructed the optical potential with the wavefunction renormalization.
By carrying out the partial-wave expansion of the constructed optical potential, we have revealed
the effect of the wavefunction renormalization to the P -wave term of the pion optical potential.
The P -wave interaction is enhanced by about 50 % due to the wavefunction renormalization factor
calculated by the S-wave self-energy. We have found that the effect of the wavefunction renormalization
factor calculated by the P -wave self-energy is negligibly small. In conclusion, we have found that the
wavefunction renormalization factor calculated by the S-wave self-energy gives substantial change to
the P -wave optical potential. However, by incorporating the S-wave wavefunction renormalization,
the difference between our potential and the phenomenological P -wave potential which reproduces
experimental data become large. We have also taken into account the correction to the kinetic energy
term. It shows that the correction term has the effect to bring our potential a little closer to the
P -wave phenomenological optical potential. This suggests that the necessity to take into account
other in-medium effects than the wavefunction renormalization to construct the realistic self-energy.
For example, it is important to incorporate the Fermi motion of nucleons in nuclear medium with the
Pauli blocking for intermediate nucleon in the Born interaction. It might be also interesting to consider
the explicit degrees of freedom of ∆(1232) resonance which is important ingredient for P -wave πN
interaction. Other effects are to be incorporated systematically by the in-medium chiral perturbation
theory developed in Refs. [34, 35]. In addition, the effect of the wavefunction renormalization to
the P -wave term could change the interpretation of the P -wave phenomenological optical potential
especially Lorentz-Lorentz term.
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In-medium K meson
We have studied the role of the wavefunction renormalization for K+ meson in nuclear medium. First
of all, we have constructed the KN scattering amplitude in the two different cases, tree-level and
unitarized amplitudes. The unitarized amplitude is upgrade version of the tree-level amplitude.
Tree-level amplitude
In tree-level amplitude, we have constructed K+p → K+p and K+n → K+n scattering amplitudes
based on the tree-level chiral perturbation theory with two free parameters up to the next-to-leading
order. We have determined the low energy constants by carrying out the χ2 fitting so as to reproduce
the K+p → K+p, K+n → K+n differential cross sections and I = 0, 1 total cross sections. We
have obtained quite good K+p → K+p scattering amplitude which reproduces the differential cross
sections below plab = 500 MeV/c, although the fitting was performed only at plab = 205 MeV/c. The
reproduction of the I = 0 total cross section and K+n → K+n are also satisfying. Then, we have
constructed the self-energy with the nucleon’s Fermi motion based on the tree-level KN amplitudes.
We have found that the wavefunction renormalization factor at the saturation density is about 1 to 5%
depending on the kaon momentum. This implies that the K+N interaction gets 1 to 5% enhancement
in nuclear matter. It shows that the wavefunction renormalization explains a part of the enhancement
of the K+N interaction in nuclear medium and hence is one of the important medium effects for the
in-medium K+. We have also found that the wavefunction renormalization factor gets decreasing
when the kaon momentum increases.
Unitarized amplitude
First of all, we utilize a next-to-leading chiral Lagrangian with four parameters for the kernel inter-
action of the unitarized amplitude, and the low energy constants in the amplitude are determined
to reproduce the differential cross sections of K+p → K+p, K+n → K+n, K+n → K0p and the
I = 0, 1 total cross sections. We have obtained good scattering amplitudes which reproduce the ob-
served scattering cross section well. Particularly, the I = 1 scattering amplitude, namely K+p elastic
amplitude, has been determined well thanks to less ambiguous experimental data with small errors,
and we have found that the I = 1 scattering amplitude at plab < 800 MeV/c is essentially described by
S-wave contribution, which is consistent with our conventional knowledge. For the I = 0 amplitude,
we have proposed two possible parameter sets, which reproduce the I = 0 scattering cross sections
similarly and have different nature for the rapid increase appearing in the I = 0 total cross section
around plab = 500 MeV/c. In Solution 1, the rapid increase appears in P01-wave contribution, while in
Solution 2 it stems from the P03-wave contribution. Second of all, we have constructed the self-energy
using the Thomas-Fermi approximation based on the unitarized KN amplitude for Solutions 1 and
2. We have calculated the effects of the wavefunction renormalization for Solutions 1 and 2 using
the constructed self-energy. For Solution 1, contrary to our expectation, the absolute value of the
wavefunction renormalization is small and the wavefunction renormalization drastically depends on
the K+ momentum around pK+ = 600 MeV/c and gets smaller than unity. It indicates that the
possibility of the resonance state in the KN scattering. For Solution 2, the wavefunction renormal-
ization gives 5% enhancement of the interaction in the low-energy. The wavefunction renormalization
factor for Solution 2 is slowly varying function compared to Solution 1, however, it also shows the
possibility of the resonance. In order to construct more realistic self-energy, we have to incorporate
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other in-medium effects. One possibility is to construct a theoretical framework of 3-flavor in-medium
chiral perturbation theory to take into account the in-medium effects systematically. With this ap-
proach, we will reveal the behavior of the wavefunction renormalization when other in-medium effects
are considered. In addition, it is also important to check what kinds of effects can be observed in the
K+-nucleus scattering when the wavefunction renormalization is taken into account.
As a by-product, we have found the possibility of the exotic S = +1 broad resonance in the
I = 0 KN scattering. Having performed analytic continuation of the obtained I = 0 scattering
amplitudes to the complex energy plane, we have found a pole corresponding to a broad resonance
state around Ec.m. = 1617 MeV with 305 MeV width in each scattering amplitude. We would like
to emphasize strongly that the existence of a broad resonance is responsible for the rapid increase of
the I = 0 total cross section around plab = 500 MeV/c. Thus, further investigation of the nature
of the rapid increase of the I = 0 total cross section reveals directly the existence of the S = +1
exotic resonance state. Usually resonance states, especially narrow resonances, appear as a bump
in the total cross section. Nevertheless, for broad resonances, because they strongly couple to the
non-resonance background, their resonance shape seen in the cross section can be modified. This is
known as Fano resonance. In order to pin down the existence of the S = +1 broad resonance, one
needs further detailed investigation. First of all, the resonance found in this work has a broad width
and is located far from the real axis in the complex energy plane. The experimental informations
are in the real axis and constrain the scattering amplitude well close to the real axis. To make the
scattering amplitude, or the position of the pole, constrained more, more accurate experimental data
are necessary. In addition, one also needs more reliable theoretical description. For instance, it could
be necessary to introduce more terms into the interaction kernel. It is also important to describe K+d
scattering with the deuteron wavefunction theoretically. This makes us to perform direct comparison
of the theoretical calculation to the experimental observation.
We have obtained a conclusion that the wavefunction renormalization gives sufficiently large con-
tribution as one of the in-medium effects. However, in order to describe phenomena precisely, it is
needed to take into account the other in-medium effects than the wavefunction renormalization and
Fermi motion. Therefore, it is necessary to incorporate the in-medium effects systematically using a
theoretical frame work called in-medium chiral perturbation theory. This thesis can be placed at the




In this appendix, we carry out the unitarization of the KN scattering amplitude from chiral pertur-
bation theory. We use chiral unitary model which is firstly suggested in Ref. [50] and developed in
Ref. [51], for the S = −1 channel. We can find the recent review for this subject in Ref. [22]. By car-
rying out the unitarization, we can obtain scattering amplitude as a complex function consistent with
elastic unitarity and we can extend energy applicable region. In addition, we can construct scattering
amplitude as an analytic function for center of mass energy W . When we construct the amplitude as
an analytic function, we can carry out an analytic continuation to the complex energy plane. Since
the resonance state can be represented by the pole in the complex energy plane, analytic continuation
allows us to know the mass, width and coupling constant. For the unitarization, one performs non-
perturbative algebraic summation of specific diagrams using the tree-level chiral perturbation theory
as a potential kernel so as to satisfy the elastic unitarity. We work out in the isospin basis in which
we decompose the K+N amplitude into the isospin 0 and 1, and carry out the unitarization in each
partial waves following the method developed in Ref. [52].
We perform the unitarization for each partial wave amplitude T Il± by solving the Lippmann-
Schwinger equation







This equation can be solved as an algebraic equation after the on-shell factorization with the N/D
method [53, 54],





We make good use of the tree level amplitudes obtained with chiral perturbation theory for the
interaction kernel of the scattering equation after making the partial wave decomposition of





The loop function G is defined as





(P − q)2 −M2N + iϵ
1
q2 −M2K + iϵ
. (A.4)
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where the parameter a(µ) is the subtraction constant evaluated at the renormalization scale µ = 1 GeV
and will be determined so as to reproduce the experimental data. The nucleon and kaon masses, MN
and MK , are taken at their isospin averaged physical values. The kinematical parameter q̄ is the
magnitude of the 3-momentum in the center-of-mass system. Thus, the unitarized amplitudes are
given by
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